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Introduction

In this paper, we present a general equilibrium model with heterogeneous firms. Each
firm in our model operates a neoclassical production technology that combines capital
and labor to produce consumption goods. We also allow capital accumulation to be sub-
ject to adjustment cost as in Hayashi [1982]. We deviate from the neoclassical setting by
incorporating separation of ownership and control in our framework. Shareholders do not
have the technology to invest in the firms they own and have to delegate these decisions
to managers. In addition, managers’ consumption and investment decisions are private
information. Capital accumulation is determined by not only managers’ investment de-
cisions but also unobservable and observable idiosyncratic shocks. The size of the total
capital stock of firms therefore serves as a noised signal of managers’ past actions, and
predicts firms’ future investment and payout policies under the optimal contract. We
assume that both shareholders and managers have recursive utility with constant rela-
tive risk aversion and constant intertemporal elasticity of substitution (IES) and derive
the optimal dynamic incentive contract. We close the model in general equilibrium and
characterize the cross-section distribution of firms’ characteristics. Our model thus pro-
vide a unified framework to study firms’ investment and payout policies, the dynamics
of firm size and firm growth, and production based asset pricing in general equilibrium
setting.2

Our focus is to understand how the presence of moral hazard affects firms’ investment
and payout policies at the micro level and their implications on firm dynamics and
aggregate quantities at the macro level. We find both unobservable and observable shocks
to be important in understanding some of the well-documented empirical relationship
between firm size and firms’ investment and payout policies. Qualitatively, the presence
of unobservable shocks allows our model to deviate from the neoclassical framework and
its predictions on the relationship between firms’ investment and valuation ratios (average
Q). It also generates statistical predictability of firms’ investment and payout decisions
by their sizes. Quantitatively, we find that the predictions of our model are consistent
with empirical evidence only when observable shocks account for a large fraction of
idiosyncratic shocks at the firm level.

We first present a theoretical characterization of the optimal response of managerial
compensation with respect to observable shocks. We show that the marginal cost of
utility provision must not comove with observable shocks. To understand the intuition

2Ai and Li [2011], extends our model to a setting with aggregate uncertainty and long-run risks and
study its implications on the cross-section of stock returns.
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of the above result, note that the design of the continuation contract can be viewed as
a process of assigning continuation utilities across time and states of nature. Optimality
requires that the marginal cost of utility assignment is equalized across states of nature if
utility is additively separable.3 This property of the optimal contract generalizes to the
case of recursive utility as long as an appropriate normalization of the utility function is
chosen (so that aggregation of continuation utility is additive across states).

We next show that when observable shocks are large compared with unobservable
shocks, the empirical predictions of our model are consistent with several stylized facts
on the relationship between the size of firms and their investment and payout policies.
Because managers are risk averse, the optimal incentive contract must trade off risk
sharing against incentive provision. Risk sharing implies that the manager’s equity share
in the firm is a decreasing function of firms’ performance, and therefore firm size. As
managers own only a small equity stake in large firms, it is harder to provide incentives
to invest. Consequently, smaller firms invest more, grow faster, and have higher pay-
performance sensitivity.

Our model also offers a potential explanation of the lack of statistical power of av-
erage Q (the ratio of a firm’s market value over the replacement cost of its total capital
stock) in forecasting firms’ investment in empirical works. In our model, in steady state,
most of the firms reside in the region where average Q is a decreasing function of the
promised utility to the manager. An increase in average Q lowers the continuation utility
of the manager and has two offsetting effects. First, lower continuation utility is imple-
mented by higher levels of investment and lower levels of consumption for the manager.
This generates a positive relationship between average Q and investment. Second, lower
continuation utility is also associated with a smaller equity share of the manager, which
implies that it is harder to provide incentives for the manager to invest. We show that
together they imply a non-monotonic relationship between average Q and investment. In
our calibration we show average Q has little predictive power for investment, while cash
flow does.

Q-theory still holds in our model, in the sense that the optimal contract requires the
marginal cost of investment to equal its marginal benefit. In fact, profit maximization
implies that this condition has to hold from the perspective of the shareholders, and
incentive compatibility requires that the same holds for the managers. Average Q does
not have strong predictive power for investment in our model because the relationship
between average Q and marginal Q is non-monotonic.

3The same principal, when applied to utility assignment over time, leads to the famous “Inverse Euler
Equation” of Rogerson [1985], Spear and Srivastava [1987] and Golosov et al. [2003].
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We cast our model in continuous time and obtain simple characterizations of the opti-
mal incentive contract and the implied firm dynamics. Like previous literature, for exam-
ple, Sannikov [2008] and DeMarzo and Sannikov [2006], we find continuous time methods
offer a convenient way to study the optimal contract. We extend their methodology to
allow for recursive utility. We show that the optimal contract can be characterized as
the solution to an ordinary differential equation with known boundary conditions. An
additional advantage of our continuous time framework is that it allows a simple char-
acterization of the cross-section distribution of firms’ characteristics. By exploring the
homogeneity property of firms’ decision rules, we show that the two-dimensional distri-
bution of firms can be summarized by a one-dimensional measure defined on the space of
scaled continuation utilities of the agent. This measure obeys a version of the Kolmogorov
forward equation whose solution can be easily calculated numerically.

The microeconomic foundation of our model is related to a large literature on firm dy-
namics with principal-agent problem. Earlier work includes Albuquerque and Hopenhayn
[2004], Clementi and Hopenhayn [2006], Quadrini [2004]. Their main focus is to inves-
tigate investment behavior inside the firm under optimal long-term contracts in various
contracting environments. The above papers typically abstract from capital accumula-
tion on the firm side. Recently, DeMarzo et al. [2009],Biais et al. [2010], Philippon and
Sannikov [2007], Clementi et al. [2008] and He [2009] incorporate firm growth and firm
size dynamics in dynamic agency models. In DeMarzo et al. [2009],Biais et al. [2010],
Philippon and Sannikov [2007], Clementi et al. [2008], the investment decision is made
by the principal and is publicly observable. The agent’s action does not directly affect
firm growth. He [2009] presents a model in which the manager’s hidden action affects
the expected growth rate of the firm. As in DeMarzo et al. [2009],Biais et al. [2010],
Philippon and Sannikov [2007], He [2009]’s model also focuses on the case of risk neutral
agent. None of the above mentioned papers considers delegated investment problem with
neoclassical production technology as we do.

In addition, this paper differs from the above literature in two significant ways. First,
our model is general equilibrium with neoclassical production technologies. The general
equilibrium framework allows us to tie some of the important assumptions in the above
literature to the structural parameters of preferences and technologies in our framework.
For example, partial equilibrium models typically specify an exogenous liquidation value
of firms, and a difference between the discount rate of the principal and the agents. In our
framework, the liquidation value of firms is determined endogenously by the negativity
constraint of dividend payment. The difference between the discount rate of the principal
and the agent is motivated by precautionary saving motives of the latter. The production
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technology in our model is governed by a few parameters, capital share, depreciation
rate, volatility of firm level output, and total factor productivity at the macro level. This
allows us to draw on the research in a large body of the macroeconomics literature to
discipline our choice of these parameters in calibration. It also allows us to confront
the implications of the model with both empirical evidence at the macro level, as well
as those at the firm level. For example, our model relates the equilibrium distribution
of firms’ characteristics to the dynamics of individual firms’ performance. Because the
distribution of firms characteristics depends on the parameters of firms’ technology, this
provides additional discipline in choosing the structural parameters of model from micro-
evidence in quantitative exercises.

The second distinguishing feature of our model is that managers’ preferences are
represented by recursive utility that separates risk aversion and intertemporal elasticity
of substitution (IES). The decision theoretic literature, for example, Kreps and Porteus
[1978], Epstein and Zin [1989], among others, has established convincingly that they are
distinctive notions of economic behavior. The macroeconomics and asset pricing litera-
ture emphasizes that they are responsible for different aspects of the quantitative impli-
cations of general equilibrium models on macroeconomic quantities and asset prices, for
example, Tallarini [2000], Bansal and Yaron [2004]. The generality of our framework al-
lows us to calibrate the preference parameters of managers to the relevant micro-evidence
in quantitative exercises. It also makes possible for more realistic economic settings to
be studied in our model.

(Modified from this paragraph on)We demonstrate that the design of the optimal
contract is quantitatively mostly affected by IES but not risk aversion. We find firm
value to be monotonically decreasing in the manager’s IES, holding risk aversion fixed.
The presence of moral hazard lowers firm level investment. The extent to which in-
vestment is affected is mainly determined by the IES parameter of the manager. The
intuition for this echoes a similar result obtained by Tallarini [2000] in a neoclassical
model with a representative firm. The neoclassical investment technology is essentially a
technology that trades off consumption over time, but not across states of nature. In fact,
as pointed out by Cochrane [1993], the neoclassical technology is Leotiff across states.
Consequently, investment in these models is mostly determined by the agent’s attitude
toward intertemporal substitution of consumption, not risk aversion. On the other hand,
we find that the effect of risk aversion on firms’ value is ambiguous. An increase in
managers’ risk aversion has two offsetting effects on firm value. First, it amplifies the
utility loss due to incentive provision. Second, it also raises the agent’s incentive to invest
through precautionary saving motives, which implies a better alignment of principal and
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agent’s interest. Depending on parameter values, either effect could dominate. Overall,
quantitatively, the most important determinant of firm value is IES, not risk aversion.

Our paper is also built on the literature on firm dynamics and the size distribution of
firms. A robust feature of the data is that the size distribution of firms is stationary and
resembles Pareto distribution despite the large amount of heterogeneity at the individual
firm level. For an excellent recent survey of this literature, see Luttmer [2011]. Equilib-
rium models of firm dynamics includes Jovanovic [1982], Hopenhayn [1992], Klette and
Kortum [2004], Luttmer [2007], and Arkolakis [2011], among others. None of the above
papers study dynamic agency and delegated investment problems as we do.

The relationship between firm size and firms’ investment and payout policies has
been documented by many researchers. Mansfield [1962] is among the earliest to show
that small firms grow faster. Evans [1987a] and Evans [1987b] argue that the size-
growth relationship is robust to possible sample selection bias. Fama and French [2001]
document that large firms are much more likely to pay dividend than small ones. The
size distribution of firms has Pareto-like shape in our model. In addition, our model
generates endogenously an inverse relationship between firm size and firm growth based
on dynamic agency theory.

Our model relates to the large literature on “Q-theory" of investment. Abel and
Eberly [1994] provide an excellent summary of this literature and develop a unified Q
theory of investment in neoclassic settings. Recent papers that are most related to ours
are DeMarzo et al. [2009], and Bolton et al. [2010]. DeMarzo et al. [2009] is a dynamic
agency model where the productivity of firms depends on unobservable effort.Bolton
et al. [2010] focus on firms’ financing decisions and risk management decisions. None of
the above papers consider delegated investment problem in general equilibrium as we do
here.

On the empirical side, the lack of predictability of firms’ investment by their valuation
ratio (average Q) has been documented by many authors. For example, Fazzari et al.
[1988], Stein [2003] among others. We show that the relationship between marginal Q
and average Q is non-monotonic in our model thus provide a potential explanation for
the above phenomena.

Our paper also bears connections with the literature that studies private information
in capital accumulation in “real business cycle” models, for example, Bernanke and Gertler
[1989], Carlstrom and Fuerst [1997] and Bernanke et al. [1999]. The focus of these papers
is to understand how credit market conditions affect business cycle fluctuations, while our
purpose is to understand the time series and cross sectional properties of firms’ behavior.
In addition, these authors use discrete time models and study one-period contracts. We
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solve the optimal dynamic contract using continuous time method.
The rest of the paper is planned as follows. We introduce the setup of the model

in Section I. Section II characterizes the optimal dynamic contract for individual firms.
Section III aggregates firms decisions, studies the cross-section distribution of firms’
characteristics, and closes the model in general equilibrium. We present our calibration
results in Section IV. Section V concludes the paper.

I Setup of the Model

A Preference and Technology

A.1 Preferences of Shareholders and Managers

There are a continuum of shareholders in the economy who can plant trees. A tree is
a technology to combine labor and tree-specific capital to produce consumption goods,
and to accumulate tree-specific capital over time. The knowledge to grow trees is known
only to managers, a special type of agents who arrive at the economy in overlapping
generations.4 Shareholders, therefore have to delegate the investment decisions to the
managers. To keep our language consistent with the principal-agent literature, we will
use the terminology shareholders and principals, managers and agents interchangeably.

Both shareholders and managers have recursive preferences of the Kreps and Porteus
[1978] type. In continuous time, they are represented by stochastic differential utility
with constant relative risk aversion and constant IES. Shareholders and managers have
the same time discount rate, risk aversion and IES, which are denoted as β, γ and ψ,
respectively.5 The shareholders are also endowed with one unit of labor which is supplied
inelastically.

A.2 Production and Investment Technology

At any point of time, shareholders can plant a unit measure of trees. Trees are indexed
by j and each tree is associated with a certain amount of tree-specific capital. We use
Kj,t to denote the amount of capital of tree j at time t. A tree combines capital and

4The overlapping generation aspect of our model follows the continuous time “perpetual youth" model
of Blanchard [1985].

5Because we focus on the steady state where there is no economic growth or aggregate uncertainty,
the specification of the IES and risk aversion parameters of the shareholders is only relevant for welfare
comparisons, but has no effect on equilibrium asset prices.
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labor to produce consumption goods via the standard Cobb-Douglas technology:

Yj,t = zKj,t
αNj,t

1−α,

where z is an economy-wide common productivity parameter, and Yj,t and Nj,t denote
the total output produced and labor employed by tree j at time t. We focus on the case
in which z is a constant.

Let Wt denote the real wage at time t, the total operating profit of tree j at time t is

P (Kj,t) = max
Nj,t

{
zKj,t

αNj,t
1−α −WtNj,t

}
. (1)

Tree-specific capital can be accumulated according to the following investment tech-
nology:

dKj,t = Kj,t

[−δdt+ σTdBj,t

]
+ Ij,tdt, (2)

where Ij,t is the total investment chosen by the manager of the tree. δ is the depreciation
rate of capital common among all trees. The term Bj,t is a 2 × 1 vector of standard
Brownian motions independent across firms, and

σTdBj = σudBu,j + σodBo,j .

In the above expression, σ, σo > 0 are constants. The Brownian motion Bu,j is unob-
servable to all except the manager who operates the tree, and the Brownian motion Bo,j

is common knowledge in the economy.

A.3 Information and Managerial Compensation

At any point in time t, given the total amount of capital stock Kj,t, which is observable
to all, the manager makes observable decisions on labor hiring Nj,t. After the wage bill
WtNj,t is paid, managers hand in the total operating profit, P (Kj,t) to shareholders.
Total operating profit is divided among dividend payment to shareholders, Dj,t, compen-
sation to the manager, Cj,t, investment in the firm, and a cost of capital adjustment of
the form Ω(Ij,t,Kj,t):

Dj,t + Cj,t + Ij,t +Ω(Ij,t,Kj,t) = P (Kj,t) . (3)

Shareholders do not have the technology of transforming the tree-j specific capital stock
into consumption goods. Therefore the maximum amount of dividend is P (Kj,t). We also
assume only tree-j specific output can be used for accumulation of tree-j specific capital
and the consumption of the manager of the tree. This implies that managerial consump-
tion and investment cannot exceed total operating profit: Cj,t + Ij,t + Ω(Ij,t,Kj,t) ≤

8



P (Kj,t)
6. In what follows, we will call the sum Cj,t + Ij,t + Ω(Ij,t,Kj,t) the retained

earnings of firm j. The constraints on dividend payment and retained earnings can be
summarized as:

0 ≤ Dj,t ≤ P (Kj,t) . (4)

Because P (Kj,t) is observable, a given level of dividend payout Dj,t can be implemented
as long as it satisfies the constraint in (4).

The consumption and investment decisions of the manager are private information
observable only to managers themselves. Therefore although the principal is free to chose
any dividend policy as long as (4) is satisfied, the division of retained earnings between
managerial compensation, Cj,t, and investment in the firm, Ij,t is up to the manager.
Given P (Kj,t) − Dj,t, the manager is free to choose any consumption and investment
that satisfies

Cj,t + Ij,t +Ω(Ij,t,Kj,t) = P (Kj,t)−Dj,t.

In particular, it is possible to choose negative levels of investment. In the absence of
adjustment cost, this means that the manager can always maintain a positive level of
consumption by setting Ij (t) < 0, even if total retained earnings is set to zero by the
principal.

In general, we assume a quadratic adjustment cost:

Ω (I,K) =
1

2
ω

(
I

K
− i∗

)2

, where
1

2i∗
> ω ≥ 0. (5)

The specification ω = 0 corresponds to the case with no capital adjustment cost. The
assumption ω < 1

2i∗ guarantees that the agent can always obtain a positive amount of
consumption by setting Ij (t) negative for all possible dividend policies. We assume there
is a minimum level of investment-to-capital ratio, that is,

Ij,t
Kj,t

≥ −B,

for some large real numberB > 0. This is merely a technical assumption that ensures that
managers’ optimization problems have compact choice sets and therefore well-defined
solutions. In what follows, we will chose B to be large enough so that the above constraint
never binds.

6Equivalently, our model can be interpreted as each tree j produce a tree-specific intermediate good,
which can be used to produce final consumption good for shareholders using a constant return to scale
technology (for example, that of the Dixit and Stiglitz [1977] type). Managers have the technology
of transforming tree-specific output into tree-specific capital, or his own private consumption, while
shareholders do not. To keep notation simple, we do not spell out the details of these specification.
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A.4 Entry and Exit of Firms

Managers arrive at the economy continuously. Upon arrival, a manager is endowed with
the technology to operate a tree, and an outside option that delivers a reservation utility
U0

7. A unit measure of managers arrive at the economy at each point in time. The
reservation utility of newly arrived managers is distributed according to a continuous
density Λ with support [UL, UH ].

At each point in time, the principal offers a contract to every newly arrived manager
that specifies the initial amount of capital of the tree to be delegated to the manager
and future payment to the manager as a function of the history the performance of the
tree. If the offer is accepted, the principal will plant the tree and delegate the tree to the
manager until he exits the economy. Planting a tree with initial amount of capital K0

costs exactly K0 amount of consumption good.
We assume that the principal has all the bargaining power. In this case principal

always promises utility level U0 as long as it is profitable to plant the tree. Managers
will accept the contract and work for the tree until he exits the economy. Let K0 (U0)

denote the amount of initial capital of the tree delegated to a manager with reservation
utility U0. The total amount of resources used to plan new trees is therefore

ˆ

[UL,UH ]
K0 (U) Λ (U) dU.

We assume that market is complete, so that shareholders can fully diversify idiosyncratic
shocks in dBi

t and dBi
o,t. However, because of the moral hazard problem, the only way

that managers can credibly participate in the credit market is though the compensation
contracts that tie their consumption to the performance of the tree that he operates.

Tree managers receive health shocks at Poisson rate κ per unit of time. Once hit
by the health shock, the manager exit the economy, and the tree along with the tree-
specific capital evaporates. Under the above specification, a unit measure of trees enter
the economy at each point in time. Given the death rate κ, law of large numbers imply
that the total measure of trees in the economy in steady state is 1

κ .
We think of each tree as a firm and use the terminology trees and firms interchange-

ably from now on. In our setup, each firm is identified by the firm-specific technology
and the contractual relationship between the shareholders and the manager of the firm.

7The reservation utility can be endogenized by assuming that managers have access to an alternative
technology that delivers exactly the life time utility U0. We do not spell out the details here as in
equilibrium, this option is never chosen.
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A.5 Linearity of the Operating Profit Function

We first obtain a key simplification of the model: because the production function is
constant return to scale, and there is no frictions in the labor market, optimal allocation
of labor will equalize the marginal product of capital across firms of all sizes. This the
Hayashi [1982]’s result and is summarized in the following proposition.

Proposition 1. (Linearity of the Operating Profit Function) The operating profit func-
tion P (K) is linear. In steady-state, the operating profit function is given by;

P (K) = AK,

where the constant A is the marginal product of capital:

A = αzKα−1, (6)

and the bold faced letter K stands for the total capital stock in the economy in steady
state.

Proof. See Appendix.

It is important to note that there is no moral hazard problem in production decisions,
as they are publicly observable. This allows us to apply Hayashi [1982]’s result and obtain
linearity of the profit function. As we will show in the rest of the paper, this is a key
simplification. Since manager’s preferences are homothetic, the above result allows us to
reduce the dimensionality of the contracting problem, as well as the description of the
cross-section distribution of firms in computing aggregate quantities. We now turn to
manager and shareholder’s maximization problems.

B Shareholders’ and Managers’ Optimization Problem

B.1 Feasibility of Plans

At each point in time t, shareholders choose a dividend policy Dj,t, investment policy
Ij,t and compensation to the manager, Cj,t for each firm j. We use superscript to denote
the history of the realizations of a stochastic process up to time t. For example, Kt

j

refers to the realizations of the firm-j specific capital from time 0 to time t, {Kj (s)}ts=0.
The consumption, investment, and dividend payment policies can only be functions of
observables, that is, the history,

{
Kt

j , B
t
j,o

}
, denoted by Ht

j . For s ≥ t, we use the
notation Hs

j ≥ Ht
j to denote a history that follows Ht

j . For convenience, we suppress
the firm subscript j. Formally, a plan is a triple,

{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

that
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specifies managerial consumption, investment, and dividend payout as a function of the
history, Ht =

{
Kt

j , B
t
j,o

}
.

Given a plan, the manager chooses his consumption and investment policies
{
C̃t, Ĩt

}∞

t=0
conditioning on his information, which contains the history of the Brownian motions, Bt

u

and Bt
o, as well as that of the manager’s own past actions. We define a strategy of the

manager to be an consumption and investment policy,
{
C̃t, Ĩt

}∞

t=0
adapted to the filtra-

tion generated by by the Brownian motions, Bu and Bo. Because dividend payment is ob-
servable to the principal, a strategy is feasible given a plan,

{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

,
if it is adapted to the manager’s information set and satisfies

C̃t + Ĩt = P (Kt)−Dt

(
Ht

)
= Ct

(
Ht

)
+ It

(
Ht

)
, for all t, and Ht. (7)

That is, given a plan, feasibility of manager’s strategy requires it be consistent with the
dividend policy prescribed by the plan. Since consumption and investment policy are
unobservable to the principal, managers can choose alternative strategies other than that
prescribed by the plan in order to maximize his utility.

Managers evaluate the utility of a consumption profile according to Kreps and Porteus
[1978] preference represented by stochastic differential utility (Epstein and Zin [1989],

Duffie and Epstein [1992]). We will use the notation Ut

({
C̃s

}∞

s≥t

)
to denote the date-t

continuation utility of a manager associated with the continuation strategy from time t,{
C̃s

}∞

s=t
. We will use the short-hand notation Ut whenever there is no confusion. In this

case, for all s > t, Us satisfies:

dUs = [−f(C̃s, Us)− 1

2
A(Us)||σU,s||2]ds+ σT

U,sdB (s) , (8)

where σU,s is a 2 × 1 vector of the diffusion coefficient on the Brownian motions dBu,s

and dBo,s. We adopt the convenient normalization with A(U) = 0(Duffie and Epstein
[1992]), and denote f̄ the normalized aggregate. Under this normalization, f̄(C,U) is:

f̄(C,U) =
β + κ

1− 1/ψ

C1−1/ψ − ((1− γ)U)
1−1/ψ
1−γ

((1− γ)U)
1−1/ψ
1−γ

−1
(9)

Here we assume γ, ψ 6= 1. The extension to γ = 1 and/or ψ = 1 is straightforward. In
the above expression, β is the discount rate of the manager and β + κ is the effective
discount rate accounting for death. In this notation, the lifetime discounted utility of the
agent is given by:

Ut

({
C̃s

}∞

s=t

)
= Et




∞̂

t

f̄
(
C̃s, Us

)
ds


 ,
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where the conditional expectation is take with respect to manager’s information set.
Formally, it is conditioned on the filtration generated by the two dimensional Brownian
motion {Bu (t) , Bo (t)}∞t=0.

Because the consumption and investment decisions are not observable to the principal,
given a plan

{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

, the manager chooses,
{
C̃t, Ĩt

}∞

t=0
, from the

set of all feasible investment and consumption strategies, to maximizes U0

({
C̃t

}∞

t=0

)
. A

plan,
{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

, is incentive compatible if for any Ht, Ct(H
t) and

It(H
t) are the optimal choice of the manager. Equivalently, a plan is incentive compatible

if for any t, and any history Hs ≥ Ht that follows Ht,

Ut ({Cs (H
s) , Is (H

s)}∞s=t) ≥ Ut

({
C̃s, Ĩs

}∞

s=t

)
, (10)

for any feasible continuation strategy,
{
C̃s, Ĩs

}∞

s=t
that satisfies condition (7). A plan

{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

is said to be feasible if it satisfies the resource constraint
in (3), the non-negativity constraints on dividend payment and retained earnings, (4),
the incentive compatibility condition in (10) and participation constraint

U0 ({Ct}∞t=0) = U0.

The objective of the shareholders is to chose among the set of feasible plans to max-
imize profit, which we turn now to.

B.2 Shareholder Value Maximization

We focus on the steady-state of the economy where the aggregate consumption of share-
holders is constant. This implies that the risk-free interest rate, r equals the discount
rate of the shareholders:

r = β.

Shareholders choose a plan,
{
Ct

(
Ht

)
, It

(
Ht

)
, Dt

(
Ht

)}∞
t=0

, to maximize the present
value of firms:

E[

ˆ ∞

0
e−rtDtdt] (11)

subject to the feasibility constraint.

B.3 Recursive Formulation

We state without proof here that the history can be summarized by promised utility to
the manager, U , and the current level of firm’s capital stock, K.8 We can therefore for-
mulate the contract in a recursive fashion taking (K,U) as state variables. Following the

8For formal justification of this result, see Abreu et al. [1990]and Spear and Srivastava [1987].
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language of Atkeson and Lucas [1992], we refer to such as allocation rules, to distinguish
them from the plans and strategies we discussed above. In this formulation, we think of
the entire history of managers’ consumption-investment decisions and the realizations of
the Brownian motion shocks Bo,t and Bu,t as being summarized by the pair of state vari-
ables (K,U). The principal chooses dividend payment, consumption, investment, and
rules of assigning continuation utilities as functions of the state variables (K,U). With a
slight abuse of notation, we denote C (K,U), I (K,U) and D (K,U) as rules of assigning
managerial consumption, investment, and dividend payout as a function of the promised
utility and firm’s capital stock. Let K denote the space of possible realizations of capital,
and U denote the space of promised utilities, C (K,U), I (K,U) and D (K,U) are all
functions that maps the state space to the real line: C : K × U → R, I : K × U → R,
D : K × U → R. In this formulation, the resource constraint (3) is written as:

C (K,U) + I (K,U) +D (K,U) = AK. (12)

Non-negativity of dividend and retained earnings requires

0 ≤ D (K,U) ≤ AK. (13)

The state variable U is the amount of continuation utility has to be delivered to the
manager through the continuation of a contract. Because the manager’s utility can be
represented in the recursive form as in (8) and (9), we think of the principal as delivering
the continuation utility via the following procedure. At each point in time, for a given
level of promised utility U , the principal allocate the manager’s continuation utility
over time and states by choosing an instantaneous consumption flow, C (K,U), a rate
of change of continuation utility with respect to shocks in the unobservable Brownian
motion, dBu,t, denoted G (K,U), and a rate of change of continuation utility with respect
to the observable Brownian motion, dBu,t, denoted H (K,U). A continuation contract
from time t on delivers the utility level Ut as long as

dUs = −f̄(C (Ks, Us) , Us)ds+G (Ks, Us)σudBu,s +H (Ks, Us)σodBo,s, (14)

for all s > t, and
lim
T→∞

Es

[
e−βTUT

]
= 0 (15)

for all s ≥ t. The policy functions G : K × U → R and H : K × U → R describes the
rule of assigning continuation utilities based on realizations of the Brownian shocks.

Given an allocation rule, continuation utility is assigned according to (14). Since the
principal does not observe the realizations of the Brownian motion Bu, he has to infer
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it from equilibrium outcomes. In particular, along the equilibrium path, σudBu,t can be
computed through the law of motion of capital:

σudBu,t =
dK (t)

K (t)
−
[
I (Kt, Ut)

Kt
− δ

]
dt− σodBo,t, (16)

and the principal assigns utility according to:

dUt = −f̄(C (Kt, Ut) , Ut)dt+G (Kt, Ut)
1

Kt
{dKt − [I (Kt, Ut)− δKt +KtσodBo,t]}

+H (Kt, Ut)σodBo,t. (17)

Consider an agent who has conformed to the allocation rule prescribed by the principal
up to time t, with promised utility level Ut, and the size of the firm Kt. The agent,
however, is contemplating on deviating from the allocation rule C (Kt, Ut) and I (Kt, Ut)

by choosing an alternative action, C̃t, Ĩt. Under the alternative action, the law of motion
of capital will be:

dKt = Kt

[(
Ĩt
Kt

− δ

)
dt+ σudBu,t + σodBo,t

]
. (18)

Because the principal assigns utility according to (17), the law of motion of the actual
utility delivered to the agent is:

dUt =

[
−f̄(C̃t, Ut) +

G (Kt, Ut)

K (t)

[
Ĩ − I (Kt, Ut)

]]
dt

+G (Kt, Ut)σudBu,t +H (Kt, Ut)σodBo,t. (19)

Let F (K,U) be the maximum utility can be achieved by the agent give the promised
utility U and size of the firm, K, F (K,U) has to satisfy the HJB of the agent’s utility
maximization problem:

max
C̃,Ĩ

{
f̄
(
C̃, U

)
+ LC̃,ĨF (K,U)

}
(20)

subject to C̃ + Ĩ ≤ C (K,U) + I (K,U) ,

where LC̃,Ĩ is the infinitesimal generator of the controlled Markov process, (18) and (19)
under the decision rule C̃, Ĩ, that is,

LC̃,ĨF (K,U) = lim
∆→0

1

∆
EC̃,Ĩ [F (Kt+∆, Ut+∆)− F (Kt, Ut)|Ut = U,Kt = K] .

The notation EC̃,Ĩ emphasizes that the law of motion of Ut and Kt follow (18) and (19)
under the decision rule C̃, Ĩ. Incentive compatibility requires that C (U,K) and I (C,K)
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is a solution to the HJB in (20) and the value function of the manager coincides with
promised utility:

F (K,U) = U.

In this formulation, an allocation rule is said to be feasible if it satisfies conditions
(12) and (13), and is incentive compatible. Finally, note that equation (17) makes it clear
that the marginal utility of an additional unit capital to the agent is G(Kt,Ut)

Kt
. This leads

to an interpretation of the incentive compatibility constraint in terms of the neoclassical
Q-theory, which we will discuss in the next section.

C Definition of Equilibrium

We will focus on the competitive equilibrium of the economy where the claims to eq-
uity of all firms are traded. We focus on the steady-state equilibrium in which ag-
gregate quantities are constant. Thanks to the recursive formulation discussed above,
firms can be identified by the state variables (U,K). Let Φ(U,K) denote the den-
sity of the distribution of firms’ type in steady-state. The equilibrium allocation con-
sists of the choice of dividend payment, managerial compensation, investment, con-
tinuation utility assignment rules, and amount of labor hired for firms of all types:
{D (U,K) , C (U,K) , I (U,K) , G (U,K) ,H (U,K) , N (U,K)}(K,U)∈K×U , the initial cap-
ital of newly built firms, K0, and the total amount of consumption of shareholders,
CP . Equilibrium prices include wage rate W , the price of equity for firms of each type,
{V (U,K)}U,K , and equilibrium interest rate r. A competitive equilibrium is a list of
equilibrium allocations and prices such that

1. Maximization of operating profit on the production market: given the equilibrium
wage, firms of all types choose N (U,K) to maximize operating profit as in (1).

2. Shareholder value maximization: given the equilibrium interest rate, for firms of all
types, the allocation D (U,K) , C (U,K) , I (U,K) , G (U,K) , H (U,K) maximize
the value of equity defined in (11) among all feasible allocations.

3. Intertemporal maximization of shareholders: equilibrium interest rate is constant
with shareholder’s intertemporal optimization, that is, r = β∗ in steady-state.

4. Labor market clearing: the total amount of labor hired by all firms sum up to the
total labor endowment, 1:

ˆ
N (U,K) Φ (U,K) dUdK = 1 (21)
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5. Product market clearing: total consumption of the shareholders and managers, and
total investment in existing firms and in creating new firms sum up to total output:

CP +

ˆ

[UL,UH ]
K0 (U) Λ (U) dU +

ˆ
[C (U,K) + I (U,K)] Φ (U,K) dUdK

=

ˆ
zKαN (U,K)1−αΦ(U,K) dUdK (22)

We solve for the optimal contract for a single firm in the next section, and close the
model in general equilibrium and characterize the distribution Φ (U,K) in Section IV.

II Optimal Contract

A Incentive Compatibility

In this section, we characterize the optimal contract between shareholders and managers.
First, we show that the incentive compatibility constraint can be written as a constraint
on the sensitivity of the continuity utility with respect to the unobservable Brownian
motion, G (K,U). This is summarized by the following lemma.

Lemma 1. (Characterization of Incentive Compatibility) An allocation rule

{C (K,U) , I (K,U) , D (K,U) , G (K,U) ,H (K,U)}

is incentive compatible if for all (K,U) ∈ K × U ,
∂

∂C
f̄ (C (K,U) , U) [1 + ΩI (I (K,U) ,K)] =

G (K,U)

K
. (23)

The above condition highlights the intertemporal choice problem of the manager.
The term ∂

∂C f̄ (C (K,U) , U) is the marginal utility of consumption of the manager.
1+ΩI (I (K,U) ,K) is the cost of investment goods in terms of current period consump-
tion numeraire. Therefore the left-hand side of equation (23) is the marginal cost of
investment in utility terms. It is clear from equation (19) that G(K,U)

K measures the in-
crease in continuation utility for one additional unit of investment. Optimality (incentive
compatibility) requires marginal cost of investment to equal its marginal benefit. Equa-
tion (23) can be interpreted as the Q-theory relation from the perspective of the manager.
Note that G(K,U)

K is the marginal benefit of an additional unit of installed capital mea-
sured in utility terms. Normalizing by marginal utility of consumption, G(K,U)

K× ∂
∂C

f̄(C(K,U),U)

is the shadow price of an additional unit of installed capital measured in current period
consumption numeraire, that is marginal Q.
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Thanks to the above lemma, feasibility of allocation rules can be summarized by the
constraints in (12), (13), (15) and (23). The principal choose among all feasible plans to
maximize profit. In our formulation, the utility function of the manager is homogeneous
of degree 1 − γ in consumption. Using Proposition 1, the operating profit function is
linear in capitalK. Together, this imply that the value function of the principal, V (K,U)

satisfies:
V (K,U) = v

(
U

K1−γ

)
K (24)

for some v : R→ R. We denote
u =

U

K1−γ
(25)

to be the normalized utility, and call v (u) the normalized value function. Note also, v (u)
is the “average Q" of the firm, i.e. the ratio of the total value of the firm divided by the
replacement cost of capital. We also normalize the policies and write:

c (u) =
C (K,U)

K
; i (u) =

I (K,U)

K
; d (u) =

D (K,U)

K
; n (u) =

N (K,U)

K

g (u) =
G (K,U)

(1− γ)UK
; h (u) =

H (K,U)

(1− γ)UK
.

Using the above notation, condition (23) can be written as:

g = (β + κ) c
− 1

ψ [(1− γ)u]
1/ψ−1
1−γ [1 + ω (i (u)− i∗)] .

The normalized value function v (u) and the policies must solve the following HJB equa-
tion:

0 = max
c,i,dg,h





d+ [i− r − κ− δ] v (u)

+ (1− γ)uv′ (u)




β+κ
1−1/ψ

(
1− c

1− 1
ψ [(1− γ)u]

1/ψ−1
1−γ

)

−i+ δ − 1
2γ

(
σ2
u + σ2

o

)
+ γgσ2

u + γhσ2
o




+1
2 (1− γ)2 u2v′′ (u)

[
(g − 1)2 σ2

u + (h− 1)2 σ2
o

]





subject to : g = (β + κ) c
− 1

ψ [(1− γ)u]
1/ψ−1
1−γ [1 + ω (i− i∗)]

0 ≤ c+ i+
1

2
ω (i− i∗)2 + d ≤ A (26)

Throughout this section, we will assume, without a proof that the value function
V (K,U) is strictly concave in (K,U). Intuitively, risk aversion of the agent induces
concavity in the value function. A formal proof of this results, however, is quite involved
and relies on technical conditions that are hard to establish in general.
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B A Lower Bound on the Principal’s Value Function

In this section, we start by computing a lower bound of the normalized value function.
This will help us understand the basic trade off between incentive provision and risk
sharing we focus on in this paper. It will also help us to motivate our assumptions on
the parameters values of the model.

The lower bound on the principal’s value function can be constructed by identifying
a simple form incentive compatible plan. Consider the following class of compensation
contract. The total payment from the principal to the agent is ξAKt, where 0 ≤ ξ ≤ 1,
and the rest of output is paid out to shareholders as dividend. Given ξ, the agent chooses
optimally the division of ξAKt between his own consumption and investment in the firm.
We call a plan of this form a constant-share plan. As we vary ξ from 0 to 1, this procedure
traces out the market value of a firm as a function of the utility delivered to the manager.
We denote this value function as vLB (u), where u is the normalized utility as discussed
in the above section. Note vLB (u) provides a lower bound to the value function of the
principal, as a constant-share plans are incentive compatible by construction, but not
necessarily optimal.

We denote the normalized consumption, investment of the agent under a constant-
share plan ξ, by cLB (ξ), iLB (ξ), respectively. We also denote the normalized utility of
the manager under the constant share plan ξ by uLB (ξ). It is convenient to introduce
the notation

β̂ = β + κ+

(
1− 1

ψ

)
δ +

1

2
γ

(
1− 1

ψ

)[
σ2
u + σ2

o

]
. (27)

We first make the following assumption on β̂.
Assumption 1:

β̂ = β + κ+

(
1− 1

ψ

)
δ +

1

2
γ

(
1− 1

ψ

)[
σ2
u + σ2

o

]
> 0 (28)

The follow lemma derives the formulas for cLB (ξ), iLB (ξ) and uLB (ξ) in the case
with no adjustment cost. The case with adjustment cost is provided in the Appendix.

Lemma 2. (Manager’s Choice Under Constant-Share Plans) Assuming no adjustment
cost, i.e. ω = 0. Under Assumptions 1 and 2, given a constraint-share plan ξ, the
manager’s investment and consumption decision are given by:

cLB (ξ) = (1− ψ) ξA+ ψβ̂; iLB (ξ) = ψ
(
ξA− β̂

)
. (29)
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The normalized utility of the manager is

uLB (ξ) =
1

1− γ





β + κ
[
(1− ψ) ξA+ ψβ̂

]1/ψ





1−γ
1−1/ψ

. (30)

Proof. See Appendix.

Note the marginal product of capital is constant, A. ξA is the marginal product of
capital to the manager under constant-share plans. A higher ξ corresponds to a higher
return on investment from the manager’s perspective. Equation (29) implies that in-
vestment is always increasing in ξ. This is due the substitution effect: investment is
increasing in the return on capital everything else being equal. The sensitivity of invest-
ment with respect to ξ is governed by the the manager’s attitude toward intertemporal
elasticity of substitution. Consumption of the manager maybe increasing or decreasing
in ξ depends on the IES of the agent. For ψ < 1, income effect dominates, and consump-
tion is increasing in ξ. For large IES, substitution effect dominates, and consumption
decreases with ξ.

Note Assumption B guarantees that the life-time utility of the agent is well-defined
for all ξ ∈ [0, 1]. Intuitively, when ξ = 0, the only way that the agent can provide himself
consumption is to set iLB (ξ) to be negative. This may imply a consumption process
that converges to zero too fast, and render the utility of the agent −∞.9. Assumption1
guarantees that this will never be the case. Under Assumptions 1, uLB (ξ) is an increasing
function of ξ. As we vary ξ from 0 to 1, uLB (ξ) increases from uLB (0) to uLB (1). We
define

uL = uLB (0) =
1

1− γ





β + κ
[
ψβ̂

]1/ψ





1−γ
1−1/ψ

, (31)

and

uH = uLB (1) =
1

1− γ





β + κ
[
(1− ψ)A+ ψβ̂

]1/ψ





1−γ
1−1/ψ

.

Note that uL is the lowest utility of the agent under any feasible plan. Since consumption
and investment are unobservable, the most the principal can do to lower the utility of
the agent is to set

Ct + It = 0, for all t.
9For example, Assumption 1 may fail if ψ < 1 and the capital depreciation rate δ is large.
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In this case, the agent will chose optimally to provide himself with consumption by
setting It negative, the resulting life-time utility of the agent is given by (31). Similarly,
given the constraint (4), the highest utility that the principal can provide the agent is
by setting

Ct + It = AKt, for all t.

This is equivalent to a constant-share plan with ξ = 1. The close interval [uL, uH ] is
therefore the domain of the normalized value function v (u). Under our assumptions, it
is possible to provide the manager with higher utility than uH or lower utility than uL

and all utility levels on the interval [uL, uH ] can be delivered by some feasible plan.
Note that ξ can be loosely interpreted as the equity share of the manger. Under

constant share plans, ξ is the fraction of total output of the firm delivered to the manager.
If ξ = 1, then the manager effectively owns the firms, as all output of the firm is consumed
by the manager. As ξ → 0, the share of output of the firm consumed by the manager gets
smaller. If ξ = 0, the manager consume from the capital stock of the firm by choosing
negative investment. Therefore the case ξ = 0 should be interpreted as the least equity
share of the manger in the firm under all feasible plans, rather than zero equity share.
Using this interpretation, equation (30) defines an monotonic mapping from the space of
utilities to the space of manager’s equity share, the [0, 1] interval:

ξ (u) =
1

1− ψ

{
(β + κ)ψ [(1− γ)u]

1−ψ
1−γ − ψβ̂

}
. (32)

Because any monotonic transformation of utility function represent the same preference,
equation (30) define a convenient normalization of utility that can be used to compare
the value function of the firm for different preference parameters of the managers.10

Under a constant-share plan ξ, the investment policy of the firm is given by equation
(29). The dividend paid by the firm at time t is (1− ξ)AKt. Since there is no aggregate
risk, the value of such a firm can be calculated using Gordon’s formula:

(1− ξ)A

r + κ+ δ − i (ξ)
K (t) . (33)

As we vary ξ from 0 to 1, Equations (30) and (33) together define the value of the firm as
a function of the agent’s utility u under plans with constant share. This is summarized
by the lemma below. Again, the case with adjustment cost is discussed in the Appendix.

10Note as we change the preference parameters of the agent, the interval [uL, uH ] will also change.
Mapping utilities to equity share allows us to“normalize” the domain of firms’ value function to [0, 1]

across all specifications of the utility function.
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Lemma 3. (Lower bound of the Value Function) The value of the firm under constant-
share plans is given by;

vLB (u) =
A− ξ (u)

r + κ+ δ + ψ
[
β̂ − ξ (u)

] , u ∈ [uL, uH ]

where ξ (u) is given in (32).

Proof. See Appendix.
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Figure 1: Normalized Value Function and the Lower Bound of the value function.

Note the vLB (u) provides a lower bound for the value function of the principal,
because constant-share plans are incentive compatible by construction. Moreover, v (u)
must coincide with vLB (u) on the boundaries wL, and wH , because the plans that provide
agents with utilities uL and uH are unique. Figure 1 depicts that true value function
v (u) and the lower bound vLOB (u) on the domain [uL, uH ] for our model under the
calibrated parameter values we discuss in Section IV of the paper. Note that v (u) is
above the lower bound in the entire domain, and coincides only on the two boundaries.
The value function v (u) is the solution to the ODE in (26) with the boundary conditions

v (u) = vLB (u) for u = uL, uH .

We are now ready to present some basic properties of the optimal incentive compatible
contract.
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C Incentive Provision and Risk Sharing

The policies g and h are essential in understanding the dynamics of the contract because
they measure the sensitivity of the continuation utility of the manager with respect to
unobservable and the observable Brownian shocks under the optimal contract. Standard
results from the static setting imply the use of relative performance evaluation in incentive
compatible contracts (for example, Holmström [1982]), that is, the agents should not be
rewarded for higher output due to observable exogenous shocks. The above is no longer
true in our dynamic setting because observable shocks have persistent effect and then it
is optimal to adjust incentive provision in response to observable shocks11. We provide
a generalization of this result and show that under the optimal contract, the partial
derivative of the value function with respect to continuation utility should not respond
to observable shocks. We use VU (K,U) to denote the partial derivative of firm’s value
with respect to the promised utility, U , and the notation Covt [dVU (Kt, Ut) , dBo,t] to
denote

lim
∆→0

1

∆
Covt [VU (Kt+∆, Ut+∆)− VU (Kt, Ut) , Bo,t+∆ −Bo,t] .

Proposition 2. (Constancy of VU (Kt, Ut))
Under the optimal contract, VU (Kt, Ut) does not respond to observable shocks.12 Con-

sequently,
Covt [dVU (Kt, Ut) , dBo,t] = 0 (34)

To understand Proposition 2, note that the design of the continuation contract can
be viewed as a process of assigning continuation utilities across time and states of nature.
Optimality requires that the marginal cost of utility across states is equalized if contin-
uation utility can be assigned in an unconstrained way. Note that the principal must
respect incentive compatibility when allocating continuation utilities across unobservable
states; however there is no constraint on doing such across observable states. In the ab-
sence of aggregate uncertainty, the relative price of consumption goods is constant across
states. If utility is additively separable, as is true in the case of expected utility, the
marginal cost of utility across observable states must be constant. In continuous time,
this is equivalent to the diffusion coefficient of ∂

∂U V (K,U) on Bo being zero, as in (34).
Recursive utility is in general not additively separable. However, the normalization we
choose in the representation of the preference has the feature that aggregation of utility

11See Li [2011] and Hoffmann and Pfeil [2010] for this issue.
12A similar condition is provided in Piskorski and Tchistyi [2011] in the case of risk-neutral agent, and

in Li [2011] in the case of risk averse agent with expected utility. Both papers consider the case of jump
risk.
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across states is additive.13 In general, one can prove that in the absence of aggregate
uncertainty, the above proposition holds as long as we choose the normalization with
A(U) = 0, where A is the “variance multiplier" of stochastic differential utility (in the
language of Duffie and Epstein [1992]) in Equation (8).14

Optimality also requires the marginal cost of utility be equalized across time. Because
expected utility is additively separable with respect to time, the same argument above
implies the following Corollary of Proposition 2.

Corollary 1. In the case of expected utility, e(β+κ−r)tVU (Kt, Ut) is a martingale.

Note that V (Kt, Ut) is the time t value of the firm, and Ut is the timet utility
of the agent. The term, e(β+κ−r)t, adjusts for discounting in firm value and that in
utility. In settings where consumption and effort are separable, VU (Kt, Ut) equals the
inverse of the instantaneous marginal utility of consumption, and Corollary 1 leads to the
well-known “inverse Euler equation" of Rogerson [1985], Spear and Srivastava [1987]and
Golosov et al. [2003]. Our Proposition 2 can therefore be viewed as a generalization
of the “inverse Euler equation” to the case of recursive preference with the presence of
observable shocks. It is worth noting that our Proposition 2 implies that, under the same
separability conditions in Golosov et al. [2003], current consumption of the agent does
not respond to contemporaneous observable shocks.

Because consumption and investment are non-separable in our context, the inverse
marginal utility of the agent will no longer be a martingale. However, e(β+κ−r)tVU (Kt, Ut)

will be a martingale if utility is separable with respect to time (for example in the
special case of CRRA), and will not respond to observable shocks in dBo,t as long as the
appropriate normalization of utility is chosen so that aggregation of utility is additively
separable with respect to states.

Since h is the measure of the sensitivity of continuation utility with respect to observ-
able shocks, a direct application of Proposition 2 allows us to provide a characterization
of the optimal policy h, which is summarized as follows.

13The stochastic differential utility representation of the preference we choose can be viewed as the
limit of the following discrete time representation of the preference:

Ut =

{(
1− e−β∆

)
C

1−1/ψ
t + e−β∆ (Et [Ut+∆])

1−1/ψ
1−γ

} 1−γ
1−1/ψ

.

Note that, in this case, the certainty equivalence functional (Epstein and Zin [1989]) is the expectation
operator, and therefore additively separable.

14Ai and Li (2001) provide a generalization of Proposition 2 in an environment where the unobservable
shock requires a risk premium.
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Proposition 3. (Optimal Response to Observable Shocks) The optimal choice of sensi-
tivity of continuation utility with respect to observable shocks, h is given by:

h = 1− γv′ (u)
(1− γ)uv′′ (u)

.

If the (un-normalized) value function V (K,U) is strictly concave in K, then h > 0

for all u ∈ [uL, uH ].
Assume V (K,U) is strictly concave in U , and uMAX is an interior maximizer of

v (u) on [uL, uH ], then h > 1 for all u < uMAX and h < 1 for all u > uMAX .

Proof. See Appendix.

There are two important implications of Proposition 3. First, continuation utility does
respond positively to observable shocks. This is in contrast with the results obtained in
the static setting, for example, Holmström [1982]. Note an observable shock is dBo,t

increases capital stock, K. By Proposition 2, VU (K,U) cannot respond to this shock;
therefore, the static result h = 0 holds only if the cross partial derivative ∂2

∂K∂U V (K,U) =

0. In the case ∂2

∂K∂U V (K,U) > 0, an increase in K raises VU (K,U). It is therefore
optimal for the principal to increase U to equalize VU (K,U) across states if V (K,U)

is concave in U . Consequently, h > 0, that is, continuation utility responds positively
to observable shocks. We show in the appendix that homogeneity of the value function
(24) implies that concavity of the value function with respect to K is equivalent to

∂2

∂K∂U V (K,U) > 0. The intuition is that concavity and homogeneity of the value function
implies complementarity of capital and promised utility: the cost of providing promised
utility is lower when the size of the firm is large. In this case, the principal chooses
optimally to allocate higher continuation utility in the states where the size of the firm
is large.

The second implication of the above proposition is responding to an observable shock,
h < 1 if and only u > uMAX . To understand the implication of this result, it is useful to
write down the law of motion of the normalized continuation utility, u:

dut = (1− γ)ut [µu (ut) dt+ (g − 1)σudBu,t + (h− 1)σodBo,t] ,

Note that (1− γ)u > 0 under our formulation of the preference. Therefore h − 1 de-
termines that sign of loading of the normalized utility u with respect to the observable
shock. 0 < h < 1 implies that with an increase in Kt due to the observable shock dBo,t,
the change in promised utility U is positive, but less in proportion than that in Kt. Con-
sequently, promised utility U increase with dBo,t in level, but decreases with dBo,t after
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normalized by Kt. This implies that responding to an observable shock, dBo,t, ut moves
to the left in the u-space. Similarly, in the region u < uMAX , h > 1, and the normalized
continuation utility moves to the right after an observable shock.

To explain the intuition behind this result, note that the firm value per-capital is low
on the boundaries of the continuation utility region and high in the interior around uMAX .
Therefore, if the continuation utility level is lower than uMAX , the per-capital firm value
is increasing in the continuation utility. By tying the motion of the continuation utility
to the observable noise positively, the shareholder obtains higher per-capital value if the
firm size becomes bigger and lower per-capital value when the firm size becomes smaller
due to observable shocks. Since the firm becomes bigger and smaller with equal chances,
the shareholders are better off by this arrangement. Symmetrically, if ut is greater than
uMAX and the per-capital firm value is decreasing in the continuation utility, by tying the
continuation utility negatively to the observable noise, the shareholders, again, obtain
higher per-capital firm value when the capital level becomes higher and obtain lower
per-capital firm value when the capital level becomes lower due to observable shocks.
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Figure 2: Value Function and Optimal Sensitivity of Continuation Utility w.r.t. Shocks.

Figure 2 depicts the optimal sensitivity of continuation utility with respect to the
observable shocks, h (right scale, solid line), that with respect to the unobservable shock,
g (right scale, dashed line), and the normalized value function v (u) (left scale, circled line)
as functions of the normalized promised utility, u. All quantities are calculated under
the parameter values we discuss in the calibration section of the paper. The maximizer
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of v (u), uMAX is represented by a star on the horizontal axis. Note h is less than 1 to
the left of uMAX , and higher than 1 to the right. To understand the condition on h > 1,
consider first the case in which u > uMAX . Here, VU (K,U) = v′ (u)Kγ < 0. In this case,
the marginal cost of providing an additional until to the agent is positive. An increase
in K increases the marginal cost of continuation utility if U increases proportionally, so
that u is kept constant. To equalize VU (K,U) across states, u should move to the left
due to the concavity of v (u), that is h < 1.

In the case u < uMAX , VU (K,U) = v′ (u)Kγ > 0. This is the region where to
punish the agent, the principal has to suffer; therefore it benefit both parties to increase
the promised utility of the agent. An increase inK raises the marginal benefit of promised
utility if U increases proportionally so that u is kept constant. Concavity of the value
function v (u) implies that it is optimal to further increase u to counteract the effect of
K on VU (K,U). This requires u move to the right, and h > 1.

The following proposition states that g ≥ h, that is, continuation utility is more
sensitive to unobservable shocks, dBu,t than to observable shocks, dBo,t. The intuition is
clear, to provide incentives for the managers to invest, continuation utility must respond
strongly to unobservable shocks. Continuation utility do not respond as strongly to
observable shocks, because it has nothing to do with incentive provision.

Proposition 4. Optimal Response to Unobservable Shocks
g ≥ h for all u ∈ [uL, uH ].

The sensitivity of continuation utility with respect to unobservable shocks, g is the
dashed line Figure 2. Just as in a standard principal-agent problems, there is a trade-off
between risk sharing and incentive provision in our model. To provide incentive for the
agent to invest, continuation utility needs to increase after an unobservable shock, dBu,t.
More sensitivity implies higher incentives for the agent to invest; however, at the same
time, it is also associated higher welfare loss due to risk aversion and variations in the
continuation utility. The optimal choice of g must trade off incentive provision against
risk sharing.

Finally, we note that on the interval (uMAX,uH), an positive observable shock dBo,t

moves firms to the left and a positive unobservable shock dBu,t moves firms to the right in
the space of normalized utilities. If observable shocks are more important in accounting
for the total volatility in capital accumulation, then we expect firm size as measure in K

to be negatively correlated with promised utility, u. In this risk sharing is quantitatively
more important than incentive provision, and good shocks is typically (when they are
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observable) associated a lower equity share of the manager in the firm. In the calibration
of our model, we found this to an empirically plausible specification of the parameters.
In this case, the predictions of our model is consistent with several empirical regularities
on the relationship between firm decisions and firm size. For example small firms tend to
invest more, pay less dividend, grow faster, and have higher pay-performance sensitivity
than larger firms.

D Relationship with Q-Theory of Investment

Our next result provides a characterization of firms’ investment policies as a function of
the normalized utility, u.

Proposition 5. (Dividend and Investment Policy) Suppose V (K,U) is strictly concave
in K. Also assume that

V (U,K)

K
≤ 1 for all (K,U) . (35)

Then there exist uSWTICH ∈ (uMAX , uH) such that
It satisfies v (uSWITCH)− (1− γ) v′ (uSWITCH) = 1.
On [uL, uH ], ∀u > uSWITCH , c (u)+ i (u) = A and ∀u < uSWITCH , c (u)+ i (u) = 0.

That is, all output is paid out as dividend to the left of uSWITCH and no dividend is paid
to the right of uSWITCH .

Proof. See Appendix.

The assumption V (U,K)
K ≤ 1 can be motivated by the fact that in the case of first

best, the value of the firm normalized by its capital stock, or average Q is always 1.
Note in economies without moral hazard, standard Q-theory implies that the value of
a unit of capital is always equals its replacement cost, 1, in the absence of adjustment
cost. Intuition suggests that the value of firms in our economy should always be lower
than the case of first best. We suspect condition (35) holds generally, but are not able to
provide a formal proof. We observe that condition (35) is never violated in all numerical
examples we compute.15

The above proposition implies that firms’ investment is negative to the left of uSWITCH ,
and positive to the right. If firm size is negatively correlated with normalized utility, u,

15A formal proof is complicated by two issues. First, the value of firms is lower because the manager
earns “information rent" and lower that value of the firm. The second is a general equilibrium effect,
moral hazard lowers investment and therefore the steady-state level of the marginal product of capital.
We suspect that the first effect always dominates, but are not able to establish this result under general
conditions.
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as we explained in the end of the last subsection, then small firms (firms with higher
promised utility u) invest more than large firms. This pattern is shown in Figure 3, where
we plot managerial consumption and investment policies. The solid line is managerial
consumption normalized by K (right scale) and the dashed line is firm’s investment pol-
icy normalized by K (right scale). There is a discontinuous point in investment policy,
uSWITCH . By the proposition, to the left of uSWITCH , which is represented by the circle
on the u−axis, c (u) + i (u) = 0. Because of the utility function of the manager satisfies
the Inada condition at 0, consumption is always strictly positive. This implies investment
must be negative in this region, as shown in the figure. That is, in this region, all output
are paid as dividend to the shareholders, and manager obtains consumption by setting
investment to be negative. On the other hand, for u > uSWITCH , c (u) + i (u) = A.
Here firms do not pay dividend, and consumption and investment are both positive.
To understand this pattern of the optimal contract, note by homogeneity of the value
function,

∂

∂K
V (K,U) = v (u)− (1− γ)uv′ (u) .

The discontinuous point of investment, uSWITCH , is in fact the point where ∂
∂KV (K,U) =

1. We show in the appendix that the concavity of value function V with respect to K is
equivalent to

∂

∂u

[
v (u)− (1− γ)uv′ (u)

]
> 0.

In this case, as shown in Figure 3, ∂
∂KV (K,U), represented by the squares, is increasing

in u. Consequently, ∂
∂KV (K,U) > 1 for firms with u > uSWITCH and ∂

∂KV (K,U) < 1

for firms with u < uSWITCH . In the absence of adjustment cost, the marginal cost of
investment measured in current period consumption numeraire is 1. The pattern of in-
vest policy in our model thus resembles that in neoclassical models. Firms choose the
maximum level of investment whenever the marginal benefit of investment, ∂

∂KV (K,U)

exceed 1, and choose the maximum level of disinvestment whenever ∂
∂KV (K,U) < 1. In

this sense, optimal investment has to satisfy the Q-theory relationship from the perspec-
tive of shareholders.
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Figure 3: Marginal Q, Managerial Consumption and Investment.

Just like in neoclassical models, concavity of firms’ value function and absence of
adjustment implies that firms tend to choose investment policies to reach the point where
marginal benefit and marginal cost of investment equalizes, i.e., ∂

∂KV (K,U) = 1 as soon
as possible. The difference is that concavity of firms’ value function arises in neoclassical
model because of the concavity of the production function. Here the operating profit
function of firms are linear, and the concavity of the value function is induced by risk
aversion of the agent. Note that investment policy is discontinuous in u in our model due
to the absence of adjustment cost. In the more general version of the model with quadratic
adjustment cost, investment will be continuous, and marginal Q will be equalized to the
marginal cost of investment at all times, just as in neoclassical models with adjustment
cost.

As we remarked before, the incentive compatibility constraint can be interpreted
as a Q-theory relation from the perspective of the manager: incentive compatibility
requires that managers equalize the marginal benefit of investment and marginal cost
of investment. In this sense, Q-theory has to hold from both from the perspective of
shareholders and managers. Optimal investment policy requires perfect alignment of
managers’ and shareholder’s interest.

A direct implication of Proposition 3 is that firms with u > uSWITCH invest more,
grows faster, and pays more dividend compared to firms with u < uSWITCH . As we
remarked before if observable shocks are quantitatively large compared to unobservable
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shocks, in the region [uMAX , uH ], firms to the right of uSWITCH is smaller in size (as
measured by total stock of capital, and total number of employees) than firms to the left
of uSWITCH . In Section III and IV, we show this is indeed the case under our calibrated
parameter values.

Finally, we note that an econometrician who measures marginal Q by average Q is
likely to rejected the Q-theory in our economy as the relationship between investment
and average Q is not monotone. Despite the homogeneity of technology, average Q, the
ratio of the total value of the firm and the total capital stock of the firm does not equal
marginal Q, ∂

∂KV (K,U). As shown in Figure 3, investment is increasing in average Q in
the region u > uSWITCH . However at uSWITCH , there is a discrete jump in investment
and further increasing in average Q is associated with negative levels of investment. In
the more general model with quadratic adjustment cost, the change in investment will
be continuous, but the non-monotone pattern will remain. As we show in the calibration
section of the paper, due to the non-monotonicity of investment with respect to v (u),
average Q has little predictive power of investment, and firms’ cash flow strongly predict
investment. This is mechanism of our model thus provides a potential resolution of the
empirical failure of Q-theory regressions.

E The Role of Risk Aversion and IES

The preferences of managers are represented by recursive utility and allows a separation
of risk aversion and IES. In this section we show risk aversion and IES play very different
roles in terms of the design of the optimal contract.
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Figure 4: Normalized Value Function and IES.
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Figure 5: Managerial Consumption, Investment and IES.

We first show that firm value is monotonically decreasing in the IES parameter of
managers. Figure 4 plots the value function of the firm for fixed A, fixed level of risk
aversion, but different levels of IES of the manager.16 It is clear that firms’ value is

16Note that A is endogenous and depends on the steady-state level of capital. Therefore while the
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a decreasing function of IES. Figure 5 plots the consumption and investment policies
for different parameter values of IES. Figure 5 make it clear that low IES is associated
with higher value of the firm because managerial consumption is low and investment is
high compared to models with higher levels of IES. The intuition of this result is best
explained by an observation made by Tallarini [2000]. In an economy with representative
firm and without moral hazard in investment, Tallarini [2000] shows that the quantity
dynamics in neoclassical production economies are mostly affected by the IES parameters
of the Representative agent. The intuition for his result is that the neoclassical capital
accumulation technology is a device to trade off consumption over time and does not allow
agents to trade off consumption across states of the world. As perhaps best summarized
by Cochrane [1993], the neoclassical capital accumulation technology is Leontiff across
states of nature. Consequently, the decision for investment depends mainly on the agent’s
attitude toward intertemporal substitution, rather than risk aversion. In our economy,
firms’ value is affected by the conflict of interest between shareholders and managers.
Managers, who make the actual decision of investment do not own the entire firm, and
therefore have incentives to sacrifice investment for his own private benefit. In the absence
of incentive provision schemes, the first best investment policy is not optimal from the
perspective of the managers because the marginal cost of investment is higher than the
marginal benefit to a benevolent social planner. The incentive to deviate from this
first best allocation is stronger for high levels of IES because by definition, high IES
means quantities are more sensitive to changes in shadow prices, or marginal utilities.
Consequently, high IES is associated with larger deviations from first best investment
levels, and therefore the value of firms.

marginal product of capital A are common across all examples, the productivity parameters, z are
different across these examples because the steady-state level of capital are different. Therefore the
comparison here is a partial equilibrium exercise assuming fixed marginal product of capital. This
exercise nevertheless highlights the basic intuitions associated with preference parameters. Comparisons
across models with fixed z are possible after we solve for the aggregation problem. We obtain similar
qualitative results in the general equilibrium analysis.
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Figure 6: Normalized Value Function with Expected Utility.
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Figure 7: Managerial Consumption, Investment with Expected Utility.

To made this point clear, we plot in Figure 6 the value functions of the firm for
fixed A, but different levels of IES (or risk aversion) assuming expected utility. Figure
7 depicts the managerial consumption and investment policies for the same parameter
configurations. Note that in the case of expected utility, firms’ value and investment are
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increasing in risk aversion, i.e. decreasing in IES. Managerial consumption is decreasing
in risk aversion and increasing in IES. These figures further illustrate that in the case of
expected utility, firms values are affected by risk aversion only because risk aversion are
tied to IES under expected utility.
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Figure 8: Managerial Consumption, Investment and Risk Aversion.
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Figure 9: Managerial Consumption, Investment and Risk Aversion.
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In Figure 8, we plot the value function of firms for different levels of risk aversion.
We also plot managerial consumption and investment decisions in Figure 9. We note
that firms’ value show much less variation when we change the risk aversion parameter
holding IES fixed. Furthermore, they are not monotone in risk aversion. An increase
in risk aversion has two effects. First it increases the precautionary saving motive of
the manager, and therefore raises the incentives of the managers to invest, all else being
equal. This effect tend to increase firm investment and therefore firm value. Next, an
increase in risk aversion raise the welfare cost of incentive provision, which requires the
continuation utility to vary with realizations of idiosyncratic shocks. The two effects
offsets with each other and results in the non-monotone pattern in firms’ value.

III Aggregation and the Distribution of Firms

A Aggregation and Numerical Procedure

In this section, we close the model by imposing the market clearing condition and verify
our earlier conjecture on the existence of steady state where aggregate consumption of
shareholders is constant. In our economy, firms’ characteristics can be summarized by
state variables (K,U), or equivalently, (K,u), where u is the normalized continuation
utility of managers as defined in Equation (25). We use φ (t,K, u) to denote the density
of the joint distribution firms at time t and use φ (t, u) to denote the density of the
marginal distribution of u at time t. That is, φ (t,K, u) is the measure of firms with
characteristic (K,u) at time t and φ (t, u) is the total measure of firms with normalized
promised utility u at time t. Law of large numbers implies that these densities should
integrate to 1

κ as firms enter into the economy at rate 1 and dies at Poisson rate κ.
We first result is on the initial condition of the size of new entrant firms.

Proposition 6. The normalized initial promised utility to any manager is u and the
total capital stock of all initial entrant at any time t is given by

ˆ

[UL,UH ]

(
U

u

) 1
1−γ

Λ (U) dU. (36)

Note for each manager with reservation utility U , the manager choose the initial size of
the tree. Optimality requires that the marginal benefit of investing in the tree to equal its
marginal cost, which is 1measured in current period consumption numeraire. That is, it is
optimal to investment until ∂

∂KV (K,U) = 1. This implies that the normalized promised
utility of any manager upon entrance is uSWTICH by Proposition 4. Consequently, the
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initial capital stock given to a manager with reservation utility U is

K0 (U) =

(
U

u

) 1
1−γ

.

The total initial capital stock of all new entrant firms is therefore given by Equation (36)
above.

We first show that the density φ (t, u) satisfies a version of the Kolmogorov forward
equation.

Proposition 7. (Marginal Distribution of u) On (uL, uSWITCH) ∪ (uSWITCH , uH),
φ (t, u) satisfies

∂

∂t
φ (t, u) = −κφ (t, u)− (1− γ)

∂

∂u
[φ (t, u)uµu (u) dt]

+
1

2
(1− γ)2

∂2

∂u2

[
φ (t, u)u2

[
(g (u)− 1)2 σ2

u + (h (u)− 1)2 σ2
o

]]
.

Furthermore, φ (t, u) → φ (u), where φ (u) is the stationary distribution of u and satisfies

0 = −κφ (u)− (1− γ)
∂

∂u
[φ (u)uµu (u) dt]

+
1

2
(1− γ)2

∂2

∂u2

[
φ (u)u2

[
(g (u)− 1)2 σ2

u + (h (u)− 1)2 σ2
o

]]

on (uL, uSWITCH) ∪ (uSWITCH , uH).

The forward equation that describe the two-dimensional distribution φ (t,K, u) can
be derived in a similar fashion. However, as noted by Ai [2011], in economies with homo-
geneous decision rules, the two dimensional distribution φ (t,K, u) can be summarized
by a one dimensional measure m (t, u) defined as follows:

m (t, u) =

ˆ
φ (t, u,K)KdK. (37)

The following proposition shows that m (t, u) also satisfies a version of the Kolmogorov
forward equation.

Proposition 8. (The Measurem) On (uL, uSWITCH)∪(uSWITCH , uH), m (t, u) satisfies

∂

∂t
m (t, u) = − (κ+ δ − i (u))m (t, u)

− (1− γ)
∂

∂u

{
m (t, u)u

[
µu (u) + (g (u)− 1)σ2

u + (h (u)− 1)σ2
o

]
dt
}

+
1

2
(1− γ)2

∂2

∂u2

[
m (t, u)u2

[
(g (u)− 1)2 σ2

u + (h (u)− 1)2 σ2
o

]]
.
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Assume κ+ δ − i (u) > 0 for all u ∈ [uL, uH ], m (t, u) → m (u), where m (u) satisfies

0 = − (κ+ δ − i (u))m (u)

− (1− γ)
∂

∂u

{
m (u)u

[
µu (u) + (g (u)− 1)σ2

u + (h (u)− 1)σ2
o

]
dt
}

+
1

2
(1− γ)2

∂2

∂u2

[
m (u)u2

[
(g (u)− 1)2 σ2

u + (h (u)− 1)2 σ2
o

]]
.

on (uL, uSWITCH) ∪ (uSWITCH , uH).

Proofs of Proposition 7 and 8 can be found in Ai [2011]. Using the definition of m,
the total capital stock in the economy in steady-state is simply the integral of m:

K =

ˆ uH

uL

m (u) du. (38)

Because allocation rules are homogeneous in our economy, aggregate output, aggregate
consumption of managers, and aggregate investment in existing firms can all be written
as integrals against the measure m:

ˆ
zKαN (K,U)1−αΦ(K,U) dKdU =

ˆ uH

uL

zN (u)1−αm (u) du,

ˆ
C (K,U)Φ (K,U) dKdU =

ˆ uH

uL

c (u)m (u) du,

and ˆ
I (K,U) Φ (K,U) dKdU =

ˆ uH

uL

i (u)m (u) du,

respectively. Using the above, the market clearing conditions (21) and (22) can be written
as: ˆ uH

uL

n (u)m (u) du = 1,

and

CP+

ˆ

[UL,UH ]

(
U

u

) 1
1−γ

Λ (U) dU+

ˆ uH

uL

[c (u) + i (u)]m (u) du =

ˆ uH

uL

zN (u)1−αm (u) du.

Note the construction of measure m reduces the dimensionality of the cross-section dis-
tribution of firms and greatly simplifies the computation of equilibrium.

Using the above result, the competitive equilibrium can be calculated as follows.

1. Step 1: Starting from an initial guess of the marginal production of capital A,
we solve the optimal contract and allocation rules by solving the ODE (26). Nu-
merically, we use the Markov chain approximation method (Kushner and Dupuis)
described in the appendix to solve the optimal control problem.
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2. Step 2: After obtaining the policy function c (u) , i (u) , g (u) , h (u), we use Propo-
sition 6 and 7 to construct the density φ (u) and the measure m (u).

3. Step 3: We use measure m and Equation (38) to calculate the total capital stock
in the steady state for the given A.

4. Step 4: We verify that A is the marginal product of capital using Equation (6).
If A > (<)αzKα−1, we choose a smaller (larger) A and resolve the contracts by
repeating the above steps. We iterate this procedure until convergence, that is,
until A = αzKα−1.

B Distribution of Firms

The density φ (u) and measure m (u) provide a convenient way to visualize the two-
dimensional distribution of firms. Figure 11 plot the density of the marginal distribution
of u, φ (u) (solid line, left scale) and the measure m (u) (dashed line, right scale).
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Figure 10: Density of Marginal Distribution of Normalized Utility and the Measure m.

Note both of these measures have a mode at uSWITCH (marked as a circle). As we
remarked before, this is the point where the marginal product and the marginal cost
of capital equalizes, and therefore firms have a tendency to converge to this point over
time. In addition, optimality of entrance implies new firms enter into this economy at
uSWITCH as well. Note also, the majority of firms in this economy concentrated on the
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left of uMAX . As explained earlier, points to the left of uMAX is a “bad region" of the
contract: an increase in u will simultaneously increase the the utility of the manager, and
the value of the firm. So firms tend to leave this region as soon as possible by choosing
negative levels of investment.

By definition of m (u) in Equation (36), the ratio m(u)
φ(u) is the average firm size at

location u in steady state. In figure 11, we plot the average size of firms (solid line, left
scale) against normalized utility. We also plot the investment policy (dashed line, right
scale) on the same graph.
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Figure 11: Average Capital Stock and Investment Policy.

To the right of uMAX , where most of the firms in the economy reside, average firm
size decreases with investment. This pattern shows clearly our earlier claim that small
firms invest more, grow faster, and pay less dividend.

IV Quantitative Implications of the Model

In this section, we calibrate our model to evaluate the quantitative implications of the
model on the size-investment and growth relationship and the predictability of investment
by firms’ average Q and cash flow. We choose the discount rate of the principal so that
the interest rate in the economy is r = 4% in steady state. We calibrate the death rate
of firms to be κ = 5% per year, and depreciate rate of firm specific capital δ = 8%

per year. Together, this imply a depreciation rate of capital of 13% per year, similar to
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those used in standard RBC models. We choose capital share α = 0.33, which roughly
matches the income share of capital and labor in US post war data. We choose the IES
parameter of managers to be ψ = 1.2, so that the steady-state investment-to-output ratio
is 25%, which matches its empirical counterpart in the US post war data. We choose the
risk aversion parameter of the manager to be γ = 1.6. Model implications are generally
robust to the choice of the risk aversion parameter.

We choose the total volatility of firm-specific capital to be 31% per year, so that the
volatility of output at the firm level roughly matches its empirical counterpart in the
COMPUSTAT data. We choose σu = 6% and σo = 30%. This specification allows our
model to roughly match the tail parameter of the size distribution of firms in the US
post war data.

FURTHER RESULTS TO BE ADDED.

V Conclusion

We embedded moral hazard in firms’ investment decisions in a general equilibrium model
with heterogeneous firms. Using continuous time methods, we solve for the optimal incen-
tive compatible contracts and the implied dynamics of firm investment and firm growth.
Theoretically, we provide a characterization of the optimal incentive compatible contract
when managers have recursive utility that separates risk aversion and IES. We show
that the marginal cost of utility provision must not respond to observable shocks under
appropriate normalization of managers’ utility function for a large class of preferences.
Quantitatively, our model implies that moral hazard in investment decisions is impor-
tant in accounting the empirical relationship between firm size and firms’ investment and
dividend payout policies. Our model also provide a potential resolution of the failure of
average Q in predicting firm investment when cash flow and other firm characteristics
are included as explanatory variables.

VI Appendix

A Appendix 1

A.1 Operating Profit of the Firm

Solving the profit maximization problem in (3), the optimal choice of labor is

Nj,t =

[
(1− α) z

Wt

] 1
α

Kj,t,
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and the total operating profit is given by:

P (Kj,t) =
α

1− α
[(1− α) z]

1
α W

1− 1
α

t Kj,t. (39)

Using the market clearing condition (21), we have

ˆ
Nj,tdj =

[
(1− α) z

Wt

] 1
α
ˆ

Kj,tdj = 1. (40)

In steady-state,
´
Kj,tdj = K; therefore Wt is constant over time. Combing equation

(39) and (40), the operating profit function can be written as:

P (Kj,t) = αz

[
1

K

]1−α

Kj,t = AKj,t,

where we denote
A = αzKα−1 (41)

as the marginal product of capital.
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