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Abstract

We study a dynamic noisy rational expectation model with higher order beliefs. Our baseline
model includes three types of agents, Informed (I), Uninformed (U) and Partially informed
(M). The information structure is hierarchical: The information set of the agents I includes
that of the agents M, which include that of the agents U. A crucial condition for the existence
of higher-order beliefs is the existence of enough linear independent (public) signals to the
least informed agents U. Otherwise the updating of their beliefs collapse to lower order
beliefs. Higher order beliefs affect the expected excess returns. For example, the agents U’s
high expectation about the agents M’s belief about the fundamentals leads U believing that M
is over-buying, and thus U will over-sell. The agents M and I, being more informed and thus
knowing the agents U being making a mistake, want indeed to buy. The net effect from this
shock is small but negative on the stock price. Higher order beliefs also dramatically enrich
the trading volume study. The set of the buyers and sellers are different depending on
different types of shocks.
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1. Introduction

When agents in a competitive economy have heterogeneous information, the equilibrium
asset price is a function of not only the agents' beliefs about the underlying fundamentals of
the economy, but also the beliefs about other agents' beliefs, or higher order beliefs. The
potential state space is of infinite order. This is the famous “infinite regress” problem pointed
out by Townsend (1978). Various studies have shown the effects of higher order beliefs®. Yet
with the few exceptions discussed later, there are not many methods dealing with the infinite
regress problem.

In this paper we generalize the hierarchical information structure normally used in the
asymmetric information models to incorporate higher order beliefs. In the standard
asymmetric information models (Townsend, 1981, Grossman and Stiglitz, 1980), the
information structure across the agents is hierarchical. More specifically, uninformed agents
do not know the true fundamental states of the economy. They infer the underlying
fundamental states from public signals such as dividends and prices. Informed agents have
the full information including all the underlying fundamentals as well as the signals received
by the uninformed agents, if any. Thus the informed agents do not need to form beliefs about

the uninformed agents' beliefs, because they know the uninformed agents' beliefs.

In our model, the information structure across agents is still hierarchical in the sense
that the information set of one type of agents is a subset of the other type of agents. However,
the agents with more information do not necessarily have all the information about the

economy. In the baseline model we study in the main text, there are three types of agents I, U

3 For example, heterogeneous information based model has been used in rational explanation of crashes (Grundy
and McNichols, 1989), technique analysis (Brown and Jennings, 1989), trading (say, all information based
models in micro-structure, among others), volatility (Veronesi, 1999), and more recently price persistency
(Allen, Morris and Shin, 2006; Makarov and Rytchkov, 2012). The recent rekindled interest in higher order
beliefs is that higher order beliefs might be the key to understand the price persistence /reversal, and many other
asset pricing anomalies associated with the volatile features of returns compared with the fundamentals
(Bacchetta and van Wincoop, AER, 2006; JIMCB, 2008). But technique challenges prevent us from doing much
along this direction (Banerjee, Kaniel, and Kremer, 2009; Banerjee and Kremer, 2010; Banerjee, 2011).
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and M. The agents I are the informed agents who know every information in the
economy. The agents U are uninformed agents who only know the public signals. The
agents M have more information than agents U in the sense that they have some
private information that agents U do not know. However, the agents M are not fully
informed. For example, the agents I know about the underlying fundamentals while

the agents M only receive signals about the fundamentals.

Suppose that the underlying state of the economy is characterized by two
fundamental state variables (F, ©)%. There is a stock whose payoff is driven by at least
of the fundamental states. The Agents I, being fully informed, know these two
variables. However, neither the agents M nor the agents U observe them directly.
Instead the agents U observe only public signals, such as the stock price P, the stock
dividend D, and maybe an additional public signal S;;. The agents M, being more
informed, observe (P,D,Sy) plus a private signal Sy;. Given this information, the
agents M form the beliefs about the underlying state, denoted as (F™,®M). The
optimal demand of the agents M is a function of these beliefs. Thus the equilibrium

price of the asset is generally a function of both (F,®) and (F™, ®M).

The agents U also have to form beliefs about the future payoffs of holding the
stock conditional on their (public) signals. Since the equilibrium price includes both
the fundamentals and the beliefs of the agents M, the agents U have to form the

beliefs not only about (F, ®), denoted as (FY,0Y), but also about (F™,0M). As a

result, the second-order belief, denoted as (I? , 6), arises naturally in the agents U’s

optimal demand. The equilibrium price, resulting from the market clearing condition

4 The reason we need two states here is to prevent the full-revealing equilibrium. If there is only one state
variable and the informed agents know about it, in equilibrium the price will fully reveal this (Grossman and
Stiglitz, 1980).



in the stock market, is a function of not only the fundamentals (F, ©), first-order beliefs of the
agents M and U about the fundamentals, but also the second-order beliefs of the agents U.

Furthermore, there are no other higher order of beliefs because the agents M (and the agents I)

know all the information of the agents U, thus know about (ﬁ v @U,ﬁ , 6). As a result, the

—~

equilibrium price is only a function of (F, ®, F™, &M, FV 8V, F,0).

One subtlety here is the number of signals that agents U must have. Looking at the
above structure, it seems that S is not needed since there are already two public signals
(P, D) available to all the agents. Indeed in the current asymmetric information models, one
normally assumes that the uninformed agents only know about these. However in our setting
the existence of more public signals is crucial. The agents U need to form expectations on
more than two state variables through Bayesian learning. Thus if there are only two linear
independent (not perfectly correlated) signals, the higher order beliefs may be reduced to first

order beliefs because they are not linear independent to the other first order beliefs.

From this discussion, we can easily generalize the above model to include more types
of partially informed agents. For example one can assume three types of partially informed
agents with hierarchical information structure in addition to the full informed agents. We
study the requirements and the resulting equilibrium of such a setup in details in the
discussion section. In this case, the third order belief arises naturally from similar

consideration as above.

Introducing a third type of agents into the standard asymmetric information model
enriches our study of information based asset pricing and liquidity models enormously. The
excess return is driven by not only fundamentals and different investors’ beliefs of these
fundamentals, but also the less informed investors’ beliefs about the more informed investors’

beliefs. A shock to any of these fundamental and derived states affects the prices. For



example, consider the case when the forecasting error of the second-order belief,
denoted as A, defined as the difference between the agents U’s belief about the agents
M’s belief, F, and the agents M’s actual belief, F™, is high. Even though the agents U
do not realize this over-estimating mistake directly, it does lead the agents U to
believe that the agents M make over-estimating mistake. This is because when the

agents U look at the agents M’s forecasting error about the fundamentals: FM — F,

they believe that it is EV(FM — F) = F — FU. This can be written as the following:

> I

—FY = (F= ")+ (F" = F) - (FY - F).

The first term is the forecasting error of the second-order belief, A. The last two terms are the
forecasting error by the two partially informed agents U and M. Thus when A is high, agents
U believe that the agents M make a mistake by over-estimating the fundamentals, ceteris
paribus. They believe that the agents M will over-buy, and thus the agents U will over-sell.
Of course, both the agents I and M know that the uninformed agents U make a mistake by
over-estimating the agents M’s expectation, thus they are more likely to buy because the

agents U over-sell. The net effect is a small but negative effect on the asset price.

Introducing a third type of agents also leads to much richer structure to the
trading volume study. In models with only two (types of) agents, a study on the
trading volume is essentially a study on one agent’s portfolio problem, because of
market clearing condition. In our setting, even though it is still the case that the net
purchasing amount of one type of the agents equal to the net selling amount of the
other two types of the agents, the actual buyers and sellers are different for different
shocks. As discussed above, if there is a positive shock on the agents U’s the second-
order belief, the agents M (and to a lessor extent, the agents I) are the net buyer while
the agents U are the net seller, ceteris paribus. However, if there is a shock to the

agents M’s first order belief about the fundamentals, agents M will still be the net
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buyer (because they think this is a good buy), but agents I will be the net seller (because they
know agents M are likely to make a mistake). More interestingly, agents U will also be a net
seller, because when agents M over-estimate, it is more likely that agents U’s second order

belief is also high.

Our paper is closely linked to two streams of literature. One is a continuous effort to
come up with an effective method to study the effect of higher order beliefs under
heterogeneous information. Different methods have been proposed. For example, one can
assume that the information will be revealed after some time, say one period (Lucas, 1975,
Townsend, 1983, Singleton, 1987). One can also assume that payouts are iid, and agents only
receive signals about finite horizon. Or one can guess that the price functional is an ARMA
process and work on the frequency domain (Sargent, 1991, Kasa, 2000). Finally one can
smartly design the model so that higher order beliefs are reduced to first-order beliefs (He
and Wang, 1995. However, see Makarov and Rytchkov, 2012, for a counter argument). Our
contribution to this literature is to generalize the hierarchical information structure so that we
can study the higher order beliefs in the spirit of the large asymmetric information literature

discussed next.

The other stream of literature is the hierarchical information structure. This includes
almost all the financial literature with asymmetric information. However, just as the solution
suggested by Townsend (1981) to resolve the infinite regress problem, all the models assume
that there are two types of agents, informed and uninformed (Other classic works include
Grossman, 1976; Grossman and Stiglitz, 1980, etc., and market microstructure models such
as Glosten and Milgrom, 1985; Kyle 1985, etc. ). The idea to generalize the hierarchical
information structure to incorporate more than two types of agents has been suggested in
Wang (1993). However, to the best of our knowledge, we are the first to build such a model.

Our contribution to the literature is to provide a rigorous framework to study the effects of
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higher order beliefs under asymmetric information assumption. Our model exhibits
the rich modelling structure and empirical implications in the asset pricing and trading

literature by introducing higher order beliefs.

The paper is organized as follows. In the next section, we provide an
illustrative example of two-period three-date model to show the basic intuition on the
setup of the model. We then present the basic setup of our benchmark model. Then
we solve the equilibrium prices in the next section. After obtaining the solutions, we
study in details the effect of different orders of beliefs on the expected excess returns,
individual stock demand and tradings. This is followed by a generalization of the
model to include long-lived agents with intertemporal consumption as well as several
generalizations of the benchmark model. Finally we conclude. All the proofs are in

the appendix.

2. An Illustrative Model
We start by considering a variation of the model studied in Vayanos and Wang (2011, 2013),
in which they survey both the theoretical and empirical studies on liquidity. We use this setup
to illustrate the intuition and the conditions needed for the existence of higher order beliefs
under hierarchical information structure. Furthermore we can see the effects of higher order
beliefs on measures related to liquidity and expected returns. Since the setup is very similar to
those in both Vayanos and Wang (2011, 2013) and the formal model later in this paper, we
state the results without proof in this section.

There are three datest = 0,1, 2 and two securities, one riskless bond and one risky
stock. The risk free rate is exogenously given and normalized to zero. The risky stock pays a

random dividend D at time ¢ = 2. The dividend D consists of two parts:



D =1+ €p. §))
The aggregate supply of the shares @ is also randomly distributed®. Ex ante, all the agents
believe that (11, €p, @) are uncorrelated with each other, and normally distributed with mean
zero and variances (02, 03, 04 ) respectively.

There are a continuum of agents distributed uniformly on [0, 1]. All the agents have
the same negative exponential utility function with risk aversion coefficient y > 0. At time
t = 1, a proportion w € [0, 1] of the agents learn both IT and &, thus become “informed". It
is straight forward to show that the equilibrium price at time t = 1,

P, = b(Il — ¢0), 2)

where

_ w’oii + w(oj + o)y?0508 (3)

T wlg2 2 212 72 52
w?of + (05 + wof)y?oj045

2

Y0p

c=—.
W

When w = 0, b = 0 and P, > —yc30, since there are no “informed” agents in the economy.
And when w > 1, b > 1 and P, > 1 — yo30, since all the agents in the economy are
“informed”.

Under this price function, the informed and uninformed agents hold the following

number of shares of the stock each:

o _E[(D)- P, )
Y yaf(D)

5 One can instead assume a private investment opportunity available only to one agent, who is then informed.
This is the approach adopted in Vayanos and Wang (2011, 2013).
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where j = i,u indicates the expectations of the informed and uninformed agents. More

specifically,

EX(D) =1, o?(D) =03

2

O
T (1 -cO), o2(D)=
0]

o50f + 2ol (of + ap)
2 1 2 :
of +c<o

EX(D) =

2 2,52
of +ceog

At time 0, all the agents are identical, they need to take into account that with
probability w € [0,1] they might become informed, and 1 — w that they might not. Denote
the price at time 0 as P,. Vayanos and Wang (2011, 2013) define two liquidity measures
using the above stylized example. The first one is the negative covariance between the dollar
returns over the two periods, and the second one is the beta of regressing the dollar returns on

the trading volume:

A = —cov(D, — P, Pp — Py), ®)

cov (P1 — Py w (6] — 90)) (6)
var (a) (6} — 90))

They argue that the first measure includes both a permanent component and a

Z

transitory component, and the second measure is mainly a transitory measure. In the current

setup, the two measures are:

A = —b(1 = b)oj + b%c?a3,

b(ck + c?0?)
w((1=b)oZ — bc2ad)

A2

The expected return of the stock over the two periods are: Eq(R) = PE. We will study
0

the implications of higher order beliefs on these three measures, the two liquidity measures

and the expected returns, later after solving the full dynamic model.



For now we want to use this simple setup to discuss the necessary conditions for the
existence of higher order beliefs under hierarchical information structure. Our main focus is
at time t=1. Under the current setup with just two types of agents, the informed and the

uninformed, we can rewrite the price as:

ctod

P, = b<1 +— )Ef(D).
o

I

In other words, the equilibrium price is a linear function of the expected payoffs of the

uninformed agents.

To introduce higher order beliefs under the hierarchical information structure, we can
introduce a type of “partially informed” agents, indexed by m, in addition to the informed and
uninformed agents. For example, we can assume that even though these agents don't know
about II, they can receive a private signal, s,, = Il + €,,,, about II, where €, is a normal
random error. As a result, agents m form their beliefs about the payoff, E{*(D), from public
signal, equilibrium price P; and the private signal s,,,. The equilibrium price is then a (linear)
function of E{*(D). Under the hierarchical information structure, we can assume that the
informed agents know s, as well, but the uninformed agents don't. So s,,, is a private signal

for both i and m agents.

This leads to the second order beliefs for the uninformed agents u. Since the signal
available to the uninformed agents is only the public signal P;, the uninformed agents use this
signal (and the prior) to form their beliefs about the payoff D, E}*(D), and the beliefs about
the beliefs of agents m, E{*[E]"*(D)]. As a result, the equilibrium price will be a function of

the second order belief E}'[ET*(D)] as well.

However, this is not enough to generate a generic second order belief. If the only

signal available to the uninformed agents is P; and these agents use it to form two beliefs,
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E} (D) and E}[ET*(D)], the two beliefs cannot be linear independent to each other. For the
two beliefs to be linear independent, we may give the uninformed agents another signal s,,,
which can be a function of IT or E{*(D) (e.g. S;,). Under the hierarchical information
structure, we assume that s,, is known by all the agents, thus it is a public signal. As a result,
the equilibrium price P; will be a function of the first order beliefs E{" (D), E{*(D) and the
second order belief EY[E{*(D)]. Looking back, the uninformed agents are not totally
“uninformed” since they also receive additional signals in addition to the prices. The crucial

part is that the agents’ information sets are hierarchical.

To briefly summarize, we need a partially informed agent m so that the equilibrium
price is a function of E{*(D). This in turn gives rise to the second order beliefs of uninformed
agents from the information in the price. In order to support a generic second order belief,
however, the uninformed agents also need other sources of information in addition to the
price. We will not expand this example further. Instead we go on to study the formal dynamic

version of the model in the following.

3. Model Setup
Consider an economy with two securities, one risk free bond and one risky stock. Assume
that the bond is in perfect elastic supply and its return is constant R = 1 + r, where r > 0.
The stock pays a dividend D;:

Dy =F, +€py, (7)

where the mean F, follows:

Ft = ar Ft—l +€F’t,aF € (0, 1) (8)
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Time is discrete from negative infinity to positive infinity® and we will search for a
stationary solution. As is often the case with differential information setup, the agents in the
economy live for only two periods and thus only needs to solve for a static maximization
problem. The purpose of this assumption is such that we can concentrate the discussion on
the information and higher order beliefs. Later on, we will discuss the generalization to

infinitely lived agents situation.

As such, we assume that the economy is spanned by overlapping generations of short-
lived agents. Each period, there are a continuum of agents born, and a continuum of agents

die. Both the new and old agents are uniformly distributed on the interval [0, 1]. Define

Qt+1 = Pry1 + Dy — RPy, (9)
as the excess share returns. Each new born agent j maximizes a one-period constant absolute

risk aversion (CARA) utility function,

Ej [ —e7"With],

where

Witer1 = WjtR~+ 6;11Q¢41, (10)
and ;1 is the shares held by the agent j born at time ¢ . If Q.4 is normally distributed,

as will be the case in this paper, it follows:

E;:(Qeer) (11)
14 O-j?t(Qt+1).

0jt+1 =

5 As it will be clear from the discussion in the following, one can easily generalize the model to the continuous
time situation. This is solely because of the hierarchical information structure. The generalization cannot be
easily done within models with heterogeneous information because of the infinite regress problem.
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Here again for simplicity we assume that all agents have the same risk aversion
coefficientsy. As a result, the sole heterogeneity of the agents comes from information

difference because there is no wealth effect for CARA utility function.

For future reference, we denote the total supply of stocks to the new born generation
at time t as @, which can be time varying and stochastic to avoid full revealing equilibrium.
The implication of this assumption is that the incremental supply of the shares is the

difference of @, and ©,_,.’

3.1. Information Structure

We assume that there are three types of agents within each generation, informed, uninformed
and partially informed. The informed agents, denoted as I, have some private information that
only agents I know, and know about all the other information in the economy. The
uninformed agents, denoted as U, have no private information about the mean payoff beyond
the public signals. The partially informed agents, denoted as M, have some information that
the uninformed agents U do not know, but agents I know. In summary, the information set of
the informed agents I include the information set of the partially informed agents M, which

include the information set of the uninformed agents U.

Agents I and U are the two types of the agents that are typically studied in the
asymmetric information models in the literature. The unique feature in our model is the
appearance of the partially informed agents M, whose information set is between the sets of |

and U. We now specify the information set of each type of agents.

The uninformed agents U receive a signal about the mean payoff at any time t:

7 Allen and Shin (2006) uses similar assumption to simplify the model.
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SU,t = Ff +6U,t' (12)
This signal is known to all the agents in the economy, and thus a public signal. The

information set of the agents U, I ¢, at any time includes the history of all the public signals
up until time t, I, = {PT, DS U,T} . We will discuss the importance of the additional public

T<

signal Sy ¢ in a moment.

The partially informed agents M have all the information of the agents U.

Additionally they also receive a private signal about F; that the agents U do not know:

SM,t = Fl’ + 6M’t. (13)
The information set of the agents M, I, at any time includes the history of all the public

signals and the private signals up until time t, Iy, = {PT, Dy, Sy. S Mrf}fq'

The informed agents I know about all the private and public signals in the economy,

including the actual mean payoffs, F;. The agents’ information set at any time t is thus /;, =
{PT, D, E, Sy, SM,T}Tq.8 It is clear from the above setup that the hierarchical information

structure holds throughout, I;;, < Iy, € I}, VL.

Finally we assume that the aggregate supply of the risky stock for new born

populations follow:

O = agbi_1 +€o1,a0 € (0,1) (14)

. . ! . .
In the following, we assume that the noise terms, €; = (eF,t, €o,t €Dt EUts EM,t) ,are 1.1.d

normally distributed with mean zero, and the variances-covariance matrix, X, defined as X

di agof,0Z,05,0%,0%) being a diagonal matrix. The normal distribution assumption is

8 Here we assume that the new born informed and partially informed agents inherent the information of their
respective old generations. This assumption simplifies the state updating process for these agents. The key point
is to keep the hierarchical information structure. Again this assumption is not crucial for the long-lived agent
situation that we will discuss later.
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standard in the models with CARA utility function. The assumption of uncorrelated noise is a
simplification assumption. And finally we denote the proportion of the three types of agents

as wy, wy, wy = 0,and w; + wy + wy = 1.

4. Solutions

4.1. Benchmark Cases
We first discuss briefly several benchmark cases that the literature has studied so far.
4.1.1. Symmetric Information

The first benchmark case is when all agents receive the same information, namely all the
information is public. Under our setup, this is the case when there are only one type of agents.
We differentiate between the full information and partial information structure. Full
information structure is the case in which all agents are informed, like agents I. Partial

information structure is the case in which all the agents are of type U°.
Proposition 1. (Full Information Equilibrium)

Under the full information assumption, the equilibrium price of the stock is given by:

Py = pi Fr — po0y, (15)
where the constants p1, pg satisfy:
* ar (16)
= >0
P1 R —ap
and
0 =yosps’ — (R — aglvs +v[(1+pD)? o7 +a5]. (17)

9 n the symmetric information case, the only difference between all U agents and all M agents is that there is
one more (public) signal in the latter case.
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Specifically when the aggregate supply of the stock is fixed at @, = 0, namely ay = 1, 05 =

0 in equation (14), the constant pg becomes:

oZ(1+ p})? + of (18)
yloi( 72‘91) bl S 0.

Po =

That the price is a linear function of the state variable, the mean payoff F, is the

result of CARA utility function and the normal distributional assumption. In this full-
information economy, every agent holds the same amount of shares, @, in equilibrium. There
is no trading across time, while the stock prices change to fully account for the shocks in the

economy.

Under the symmetric partial information structure, all agents observe D; and Sy ;.
They infer F; from the history {D;, Sy ;},T < t. We assume that agents know @, each period

or it is a constant through the time. The price is then a linear function of the belief about F;. :
Proposition 2. (Symmetric Partial Revealing Equilibrium)

Under symmetric partial information structure, there exists a stationary linear equilibrium.

In this equilibrium, agents update their beliefs about F; according to:

Ft+1|t+1 = aFﬁt|t t e [FD(Dt+1 - aFFt|t) + FU(SU,t+1 — af Ft|t)]- 1)
[p+TIy+ Tk
o \2

The variance of current belief about Fy, ) = E; (Ft — (Ftlt)) , satisfies:

(FD + Fu)a% .Qz + [(FD + Fu)O'Iz: +1-— a%]ﬂ — 0'12: = 0. (20)
where
R S (21)
=G WEE FEEgi g
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The equilibrium price satisfies:

Py = Pfﬁqt e 2XC (22)
where pj is defined in equation (16) of Proposition 1, and
yUp + Iy + I)?05pe™” — (R — ag)Up + Iy + Ip)?ps" + (23)
* 2 * 2
vIaf((p + LA +pD) + 1) 02 + (U + T) (A +p) +17) " of +

(A+pDDh + Iy + I7) 02 +p2Iy] =0

There are two interesting links between the two symmetric information equilibriums.
The first is when the public signal Sy, fully reveals F;, namely o = 0 or I;; - oo. Then the
belief Ptlt = F; is the true underlying state and 2 = 0. The equilibrium becomes the

symmetric full information case in the Proposition 1, py* = pj.

The other is when the public signal D, is also fully revealing, 63 = 0 or [}, - oo.
Again () = 0 in this case, because the belief of F; is the same as F;. And the equation about

Po and pyp" becomes:

0 =yad ps* — (R — ag)py +v(1 + pi)?of.

This is the same fully revealing equilibrium with o5 = 0 in Proposition 1.

4.1.2. Asymmetric Information with Fully Informed Agents

The asymmetric information models have been studied extensively in the literature. Our setup
in this case is mostly similar to that in Wang (1993, 1994). There are just two types of agents

I and U in this situation. The informed agents I know about F, while uninformed agents only
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observe public signals such as prices and dividends. For now we assume there is no public

signal sp, the following result is straight forward:
Proposition 3. (Asymmetric Information Equilibrium)

Under the assumption that type I agents know about the state of the economy, {F, O, Py, D},
and type U agents only know about public signals {P¢, D}, there exists an equilibrium with

the prices as:

P = p1F; + poFy — po 6, (24)
= (p1 + P2)F; + P26t — PoOs,
where F, is the belief of type U's agents about the underlying state F,, and Op: = F,—F,

is the error of the beliefs of the U agents.

The above equilibrium price has zero constant terms. This is consistent with previous
symmetric results since the constant terms in those situations are linear functions of aggregate
supply ©. Here ©, is a state variable, so the constant term is zero. In Makarov and Rytchkov
(2012) the constant term is not zero because in their set up, the mean incremental supply is
one. Another difference between the above solution and that in Wang (1993, 1994) is that the
coefficient p; is a constant not necessarily the same as pj defined in the symmetric case.

This is consistent with Makarov and Rytchkov (2012).

The asymmetric information assumption is the basic assumption underlying almost all
of the heterogeneous information models in asset pricing. Namely informed agents know
about the true states of the economy while uninformed agents don't. In reality, it is very hard
to claim any agents know about the true states of the economy. A more realistic assumption is

that the informed agents know more about the states than uninformed agents. As we will see
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in the next section, this simple change of assumption leads to higher order beliefs, even under

two agent types cases.

4.2. Asymmetric Information with Partially Informed Agents

When some agents have only partial information about the economy, the more informed
agents' average beliefs about the underlying states become state variables. Furthermore, the
less informed agents not only have to take expectation about the true underlying states, but
also have to take expectations about the average beliefs of the more informed investors. Thus
higher order beliefs arise naturally in this set up. In the following we show heuristically the
conditions for the higher order beliefs, which we have alluded to in the illustrative two-period

example.

The fundamental states of the economy include the mean payoffs F;and aggregate
share supply 0, and the informed agents I know about these. The resulting equilibrium price
is a function of F,, ®,. Furthermore, there are derived states, the expectations of both agents U

and M. In general the price function is of the following format, P, =

L(F, 0, EV, 0V, FM OM F, 6,). Here F, = EU(EM), is the U agents' expectation of M
agents' expectations about the state F, 5.5 = EV(OM) is the U agents' expectations of M

agents' expectations about the state O, and L(-) is the linear functional operator:
L(Ft, @t' FtU, @gj, FtM, @M, Ft—, 51\:) = pFFt - p@@t + pF‘UFtU + p@U@g + pF‘MﬁtM +
pgm O +p Fy + p5 0.

The linear functional format is from the CARA utility and the normal distributions

assumption'”,

10'We do not consider the nonlinear price function's and uniqueness of the equilibrium in this paper.
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The existence of the first-order beliefs of the two agents U and M come from that the
fact that neither agents are fully informed. More importantly, U agents' second-order beliefs
also become a state variable, since from U's point of view, the states of the economy include
both fundamentals as well as M's beliefs. And these are all the state variables that determine
the economy, since the hierarchical information structure dictates that the agents I know
about all the information that U and M have, and the agents M know about all the information
that the agents U have. Thus there is no “infinite regress” problem. This situation is the same
as that in the standard asymmetric information models, except that there are higher order

beliefs involved.
4.2.1. Redundant State Variables

Even though in general the price functional is a linear function of all the state variables, not
all of them are linear independent. Let us start with the more informed agents M. For the
agents M, observing the price P, is equivalent to observing I[IM = ppF, — pg0;, where
Pr, Do are constant coefficients in the price functional. This is because the agents M know all
of the agents U’s information and thus beliefs. They are just not certain about the underlying
fundamental states (F;, ®;). Taking expectations with respect to M's information set, it

follows that:

prFr — o0, = pr FM — poBY. (25)

Rewriting the above expression results in the following two equivalent expressions:

Ppc% = PoSit (26)
and
@t = @t + p_F(S‘;'VJIt, (27)
Pe
where
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SM.=FM-F, ¢&Y.=06Y-0, (28)

represent the forecasting errors of the M agents.

The above discussion implies that in the price function, there is no need to have OM as
an independent state variable since it is a linear function of {F,, 0., FM}, or {6, 5¢.}. Of
course this result is already known in the literature (see, for example, the arguments given in
Wang (1993, 1994)). In the standard asymmetric information models, the informed agents
know about all the state variables including the uninformed agents' expectations. And one of
the uninformed agents' expectations about the fundamental variables is redundant. In our
setup with higher order beliefs, the partially informed agents are not fully informed, thus one

of their expectations is also redundant.

Furthermore, the above discussion also implies that the uninformed agents U know
about the above relationship. Thus when U agents take expectations of the above relationship,

it follows that;:

5t=@£’+p—F(Ft—ﬁtU) :@g+p_Fggt, (29)
Po
where

represents the expectation of the agents U on the forecasting errors of the agents M. In other
words, 5t is not an independent state variable either, since it is a linear function of {6Y, 87},
or (67, FY, I?t} . As a result, we can write the price function as the form, P, =

L(F., 0, FM EY,6Y,F,).

The number of derived state variables can be further reduced. When the agents U

observe the prices, they are equivalent to observing [TV = ppF, — pe0; + py FM, where py,
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is the constant coefficient in the price functional. Namely agents U do not know the
components of 1Y, but they know the combination of them. Taking expectations with respect

to U's information set, it follows that

prFy — poOr + pyFM = ppFY — pobY + pyF,. (31)
Or
Y = 0, +2E sy, +PM v (32)
Pe Po
where
Sy, =FY—F, AV=F—-FM (33)

Note the difference between 8}" and AY. Sﬁ{ ¢ 1s the U agents' expectation about the

M agents' forecasting error, which, from U agents point of view, is known. AY is the

forecasting error of U agents' expectation of M agents' expectation about F;, which the U
agents don't know about. Indeed using the fact that §f, = F, — FY = (F, — EM) + (FM -

EY), it follows that:

The discussion implies that @Y is not an independent state variable since it is a
function of {F,, 0., FY, FM, ﬁt}. Combining the above discussion together, we can see that

only one of @Y, F, is an independent state variable. We choose F, as the one used in the

price function to indicate the higher order beliefs of the U agents.
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One might argue that the above linear relationship among (67 ,ﬁt, 5t) seems to
indicate that the higher order beliefs can be reduced to first-order beliefs, just like He and
Wang (1995). Using F, seems to disguise this effect: The discussion about F, is essentially
the discussion on @,. As we will argue in the discussions section later, this is not true in
general. One can easily generalize the basic intuition embedded in the above set up to beliefs
of order higher than two. The resulting simplification cannot reduce all the higher order
beliefs to the first-order. In other words, the higher order beliefs in this set up is generic.
What we have shown in the current set up is just the simplest possible set up of incorporating

higher order beliefs. Much of the intuition holds qualitatively for general higher order beliefs.

In summary, one comes to the potential price function of the following format: P, =

L(F. 0, FY,FM F,).

4.2.2. The Importance of S,

From the information point of view, there are two types of signals. The private signal such as
Sm¢ 1s only known by more informed agents I and M. The public signals including
P, D;,Sy ¢+ are known by all the agents. It seems a bit redundant and awkward to include
Sy as a public signal. Indeed as the benchmark asymmetric information case shows, it is not
needed for the asymmetric information case when the agents I know the true underlying state.
However this is not the case for higher order beliefs. For an equilibrium with higher order
beliefs, the agents U have to have an additional signal. We have already discussed this in the
two-period case in section 2. The following is the same reason applied in the current dynamic

setting.
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The information set of agents U includes history of public signals P; and D,. When
updating their beliefs about F, and @, as well as F, U agents need to use their information
set through Kalman filter. If there is a history of only two public signals, the three beliefs of
U agents are not linear independent to each other. As a result, ﬁt is not linear independent to
EV,BY. This reduction of higher order beliefs to first-order beliefs is different from the
situation discussed in He and Wang (1995). In that situation, the reduction is from the fact
that there is no more change in the underlying fundamental state variables after the initial
time. Thus the higher order beliefs in the future dates can be reduced to the first-order beliefs
about initial states. As Makarov and Rytchkov (2012) shows, this reduction breaks down if
the states Fyand O, are time varying. In our case, the reduction of higher order beliefs can
be potentially from not enough linear independent information sources. Specifically, with
only two linear independent signals, there can only be two linear independent beliefs. This
requirement to have enough number of public signals to support the existence of higher order
beliefs holds for general hierarchical information structure, which we will discuss in the later
discussion section. Generally speaking, the highest order beliefs come from the least
informed agents, who have to form beliefs not only on the fundamentals, but also on other
more informed agents’ beliefs. To support the existence of linear independent beliefs, the

number of public signals should be large enough.

4.2.3. Equilibrium

Summarizing the heuristics of price format and the requirement of enough public signals, the

following is the first main result of the paper.

Theorem 1.
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There exists an equilibrium with a linear price function:

P, = ppF; — poOr + i FM + pus FY + pysFy (35)

where

ar

(36)
R — afp

Pr = — (pm + Pu1 + Pu2)-

We can also represent the stock price as a function of the forecasting errors:

ar

— (37)
R — ap

P, Fi — peO; + PM5£/,It + (py1 + Puz)5gt + Puzgzy,t

ar

=2 - a. Fr — poO; + (pm + Pu2) 08 + PuabF + Duadis.
F

The last expression of the price function represent the price function as a function of
the true underlying states and the forecasting errors of agents. The forecasting errors include
both agents' forecasting errors of underlying states, as well as the forecasting errors of U
agents' beliefs about M agents' beliefs. As such the economy is indeed affected by the

second-order beliefs.

In the following we heuristically derive the above results with the detailed proofs in
the appendix. Assuming the existence of the linear equilibrium with the unknown coefficients,
agents learn about the states from their respective information set. They then form optimal
portfolio choices based on their beliefs about the dynamics of the states. Finally the market
clearing condition gives the equilibrium stock prices, which is used to solve for the unknown

constants in the price function.
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We start with the beliefs of the agents. The informed agents I know about the
fundamentals F;, ©;. Both agents U and M take the observables at each time and update their

beliefs of the underlying states according to Kalman filter.

For agents M, the underlying states are & = (F,,0,). The observables are
(P, D¢, Sy e, Su ), or equivalently (ITM, Dy, Sy +, Syt)- Using the evolution of the states &Y,

one can show that the evolution of the forecasting error of agents M follows:

M _ _MsM M
Op+1 = A5 Op¢ + by €11, (38)
where a¥ is a constant, b} is a one by five constant vector, and €, is the five by one vector

defined before.

For agents U, the underlying states are (F,, @,, FM). Note that the beliefs of agents M,
FM, becomes a state variable for agents U. The observables are (P, Dy, Sy ;), or equivalently
(11¢, D¢, Sy +). The agents U know about the dynamics of the first two state variables. From

the above evolution of the forecasting errors of agents M, the evolution of FM follows:

Ffy = (ap — a§ )F + af B + bi'ey (39)

where

b¥ = by + (1,0,0,0,0). (40)

Again using the Kalman filter, the evolution of the forecasting errors of agents U are:

U _ UsU U u
SF 41 = Q50 + c5A7 + bg€rsq (41)

U  _ UsU UAU | U
Ap i1 =305 +Ca A + by €pyq.
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Having derived the evolution of the beliefs of the agents, we can calculate the

expected share excess returns and their variance. Using the price formula, the share excess

return is:

Qts1 = (pm + Puz)(a(SM — R)5£?t + [pUl(ag - R) + Puzag]&g,t (42)

+[PU1C<§I + pUZ(CLl\] - R)]A%] —po(ag — R)O; + bo€ti1,

Where

bg = (pr +1,-pe,1,0,0) + (py + pu2)bs + pUlbg + pu2by . (43)

Given the above excess returns, the agents' beliefs about the share excess returns are:
E{ (Qes1) = —po(ag — RO + (py + pu2)(af’ — R)SF,

EM(Qi+1) = —po(ap — R)OYM + [PU1(af5] - R) + Puzag](&gt - 5%)

+ [pUlcg + PUZ(CX - R)]Ag

The agents I know all the information in the economy including all other agents’
beliefs, the expected share excess return of the agents I is simply the first four terms in

equation (42) without the error terms. One can easily calculate the conditional variances of

each agent as well.

Given the expected share excess returns and their variance, the optimal demand of the

agents are of the similar form:

0! = gh, ¥ + gl 88 + gl AU + go, i=1UM.
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Finally using the market clearing condition w;8'+ wy8Y + wyOM =0, and let the
coefficients of each term, 62,8Y,AY,0, to be equal, one can solve for the four unknown

constants in the price function.

From the above derivation, we can see that even without the informed agents I, it is
still possible to support an equilibrium with the price affected by the higher order beliefs of

the agents U.
Corollary 1.

Suppose only type U and M agents exist in the economy with wy + wy = 1, wy, wy > 0.

There exists an equilibrium with a linear price function:

P = ppF; — PéZ)Qt + PS)FtM + pL(IZBFtU + pl(lzz)ﬁt

where pg is defined in the Theorem 1.

That a dynamic equilibrium with higher order beliefs exists even without fully
informed agents is very interesting. In reality, the assumption with more-or-less informed
agents seems to be more plausible than the informed-uninformed agents assumption used in
the current asymmetric information literature. What we just showed is that as soon as the
more informed agents form their beliefs, the second order beliefs from the less informed
agents will affect the equilibrium prices and individual agents’ holdings. Of course, we still
need to have three public signals (the price, the dividend, and an additional signal) for the

generic second order belief to exist.

5. Prices, Expected Share Returns, Individual Stock Demand and Trading Volumes
In this section, we discuss in details the rich results offered in our higher order belief model.

5.1. Equilibrium Stock Prices
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The equilibrium stock is a function of five state variables, two fundamentals in (F, ©), two
first-order beliefs (on F) of the agents M and U, and one second-order belief (on F) of the
agents U. Figure 1 shows the five coefficients as functions of the proportions of the informed
and uninformed agents I, U in the population, (w;, wy).

[Insert Figure 1 here]

Since the weights of the three types of agents sum up to one, the range of (w;, wy)
must be a triangle on the two dimensional surface. This is indicated in Panel A. The three
corners represent the three extreme cases of only one type of agents in the economy
(symmetric information cases): The one on the north is the case of all informed agents I; The
one on the east is the case of all uninformed agents U; And the origin is the case of all
partially informed agents M. In our setup, both agents U and M are partially informed. The
standard literature on asymmetric information is either between agents I and M or between I
and U under our setup. Thus the pattern for asymmetric information under two types of
agents should be along either wy = 0orwy =1 — w; — wy = 0.

Panel B to F show the five coefficients. Let’s start with the symmetric information
cases. Proposition 1 states that when all the agents are informed, the equilibrium price is a
function of the fundamentals (F, ®) only. This is clearly seen from the five panels: For the
point w; = 1, the only nonzero (positive) coefficients are pp, pg. Proposition 2 states that
when agents are partially informed, either wy = 1 or wy =1, the equilibrium price is a
function of the agents’ beliefs about F , F, and the actual share supply, ©. Indeed the only
non-zero coefficients are from Panel C (all M agents) or Panel D (all U agents), and Panel F
(®@). Of course, the second-order beliefs do not play a role here under the symmetric
information.

For the asymmetric information case that has been studied extensively in the literature,

the proposition 3 states that the equilibrium price is a function of the two fundamentals plus
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one first-order belief from the partially informed agent. This is clear from the panels for
either either wy = 0 or wy, = 0.

Interestingly, if there is no informed agents, w; = 0, the corollary 1 states that the
equilibrium stock price is a function of five state variables. In other words, simply requiring
hierarchical information structure is not enough to prevent second-order beliefs. As long as
no agents in the economy know about the fundamentals and thus have to form beliefs on
them, the less informed agents potentially have to form beliefs about beliefs. This is
specifically striking from Panel B. Recall in the symmetric partial informed agents case (M or
U), the equilibrium price is not a function of fundamentals because the first order beliefs of
the fundamentals is a sufficient statistics to characterize the economy. But if there are two
types of partially informed agents with hierarchical information structure, two first-order
beliefs and one second-order beliefs do not generally form a set of sufficient statistics to
characterize the economy. In other words, simply taking more informed agents’ beliefs as the
“fundamentals” is too restrictive.!!

The messages about the effect of first-order beliefs on the prices are quite intuitive.
Panel B shows that when F; is high, the price is higher than that in the symmetric partially
informed case (zero effect under all M or U), but lower than that in the symmetric full
informed case (all I). Panel C and D show that when there are more agents of one (partially
informed) type, the effect of that group’s agents’ beliefs are stronger. Panel F shows that
when there is more share supply, the effect of the share supply on the price is lower than that
under partial but symmetric information case. The reason is that under symmetric partial
information case, the effect of (higher) share supply is purely a (negative) liquidity effect,

resulting in lower stock price. Under asymmetric information case, it has additional

11 A comparison between these two equilibria is an interesting further study.
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information effect, which mitigate the liquidity effect. Lower stock price may be from lower
fundamentals instead of higher stock supply.

The novel part of our model is from Panel E. This shows the effect of second-order
beliefs of the uninformed agents on the stock prices. As one can see, the effect is negative. In
other words, when uninformed agents U believe that partially informed agents M has high
expectation about fundamentals, the price is dampened. The intuition is that when this
happens, it is also the case that agents U likely over-estimate agents M’s belief about the
fundamental F. Thus U will likely over-sell (or under-buy) the shares to dampen the stock
prices.

Even though we don’t do calibration exercises in this paper, one cannot help wondering
the small number of the coefficient, py,. As we will see, even though the price coefficient of
second-order belief is small, the effect of the second-order belief on the stock demand and
trading is much larger because the variance is small. Thus the effects on the stock demand

and trading are nontrivial.

5.2 Expected Share Excess Return and Individual Stock Demand
Since we use CARA-normal setup, we will mainly discuss the expected share excess returns
instead of expected dollar excess returns. In our setting, the effect of " on the share excess
returns is always zero. There are no predictability from current F; to next period returns since
it is already priced. The shocks on the share excess returns are mainly from the forecasting
errors on F, both first-order and second-order. The effect of ® is mainly from its liquidity
effect. Figure 2 presents the share excess returns for the informed investors I.
[insert Figure 2 here]

The top two panels in Figure 2 present the effects of estimation errors of both partially

informed agents U and M on the expected returns. One can see that they are both negative,
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meaning that when agents I observe that either U or M overestimate F, they expect a lower
return in the future. The intuition is that either U or M over-allocate in the stock, thus pushing
up the current price.

The left bottom panel shows the effect of the estimation error of agents U’s second-
order beliefs on agents I’s expected excess returns. It is positive. So if U over-estimates M’s
expectation of F, the expected excess returns are higher. The intuition is that U will over-sell
stocks because U thinks that M over-estimates F' and thus over-buy the stock.

Recall in the CARA-normal setting, the stock demand is proportional to the expected
share excess returns. So the above pattern is similar as the demand of agents I, with the
exception of a constant (the product of risk aversion and the variance of the share excess
returns). Figure 3 and 4 thus report the individual stock demand by agents U and M.

[insert Figure 3 here]
[insert Figure 4 here]

Note that for agents U and M, their state variables are different from those of agents I
because they have different information set from each other. For example, the state variables
of agents M include two of their own first-order beliefs about the fundamentals (F, ®) and
agents U’s first and second-order beliefs about /. The state variables of agents U include two
of their own first-order beliefs about the fundamentals (F,®) and U’s belief about the
forecasting error of M. Nevertheless, we want to plot the individual demand of M and U from
agents I’s point of view, because this way we can see clearly the effect of underlying state
variables (c.f. their perceived state variables) on agents M and U’s expected share excess
returns and thus their demand.

From Figure 3 top left panel, we can see that effect of M’s forecasting error on M’s
demand is drastically different from those of I and U. Here the effect of M’s forecasting error

on M’s demand goes to zero when all the agents are of M type. This is just like the expected
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share excess returns that has zero coefficient of F. The effect has already been incorporated
into the prices. From M’s point of view, the stock price already incorporate agents M’s
beliefs. Thus the expected share excess returns has zero coefficients on agents M’s own
beliefs (thus forecasting errors). Otherwise agents I and M have similar pattern over the two
forecasting errors of agents U: Agents | and M both know about the forecasting errors of
agents U.

Figure 4 reports the results for agents U. The top two panels are similar as those for
agents I, because agents U’s expectation of agents M’s forecasting error is the sum of agents’
forecasting error plus U’s forecasting errors on M’s forecasting (plus one more term). Thus
the coefficient from this term are the same. However, the left bottom panel indicates the
drastic different effect from the agents U’s forecasting errors on agents M’s beliefs about F.
As stated before, when agents U overestimate M’s beliefs, agents U think that M over-buy
the stock, thus agents U want to over-sell the stock (thus the negative coefficient). Agents I
and M, however, know that agents U make mistake in over-estimating and thus over-sell. So
they want to buy in return.

Finally, even though the pattern on © seems to be quite different from each other, but we

tend to think that they are essentially the same by checking their actual numbers.

5.3 Group Demand and Trading Volume

Even though we discuss the expected share excess return and individual demand of stocks for
three types of investors, the actual trading depends on the overall demand from each group of
investors. In our current setting in which each generation only lasts one period (two dates),
the group holdings correspond to the trading from old generation to the new generation. This
is of course not ideal. In the next section we briefly discuss the extension to the long-lived

agents case which resolve this problem. Figures 5a-d report the group demand coefficients of

32



the five state variables. As stated before, we discuss all the agents’ demand on the five state
variables of the agents 1. This is more so in the current discussion because we should see that
all the group demand should sum up to zero with exception of the state variable ®, which

should be equal to one.

Figure 5a reports the effect of M’s forecasting error of F on the group demand. One
can see that when there is a positive shock to agents M’s forecasting error, agents M will be a
net buyer while agents I and U will be the net sellers, ceteris paribus. Under the current
asymmetric information literature, the study on the trading volume is essentially a study on
the changing of the stock holdings of one type of investors, because there are only two types
of investors in the market. In our setting, this is much richer. Even though the trading of one
group of investors is equal to the sum of the signed trading of the other two groups, the set of

long/short groups can change.

[insert Figure 5a here]

Figure 5b reports the effect of U’s forecasting error of ¥ on the group demand.
Similarly to the above case, when U over estimate, U will over-allocate while I and M will
under-allocate, ceteris paribus. However, the long side changes from agents M to agent U.

[insert Figure 5b here]

Figure 5c¢ reports the effect of U’s second-order forecasting error on the group
demand. This is the most interesting and yet most complicated one. Using the same intuition
as before, agents U are net seller and agents [ and M are net buyers, ceteris paribus. However,
the main trading here occurs between agents U and M, the effect on agents I is almost nil.

[insert Figure 5c here]
Finally figure 5d reports the effect of share supply on the group demand. This is quite

trivial in our setting since it looks like to be linear and roughly allocate among the three
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groups. This implies that the nonlinear effect from the previous discussion about different
beliefs are not likely caused by the shocks to the aggregate share supply.

[insert Figure 5d here]

6. Further Discussion

There are different directions that this model can be easily generalized.

6.1 Intertemporal Consumption with Long-Lived Agents.

In the main text we use OLG model to simplify the discussion. The advantage of OLG model
is that the stock demand is proportional to the expected share excess returns. Thus the
relationship between holding and returns are quite trivial. However, there are two serious
problem with this assumption. One is the assumption that new generation inheret the
information from the old generation. The other is the difference between holdings and trading
volume. This can be resolved if we use long-lived agents model. Here we briefly discuss this
extension and argue that methodologically there are no difference between long-lived agent

model and OLG model.

In the long-lived agent model, we still have three groups of agents. However, instead
of maximizing a one-period model, now agents have consumption over infinite horizon. We
still assume time separable CARA utility function for each agent and they are the same across
the agents with identical subjective time discount factor and risk aversion coefficient. Thus

all the differences among the agents come from their information structure.

We still keep the same hierarchical information structure among agents I, U and M.
Now the inheritance of information is not an issue. The learning and belief updating process

does not change compared with the OLG setup. The complication mainly come from the
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agents’ utility maximization problem. However, given CARA-normal assumption, this is

tedious but not challenge.

Specifically, we assume, as in Wang (1993, 1994), that each agents’ value function is
negative exponential in their wealth and a quadratic form of their other respective state
variables. Then we can solve the Bellman equation analytically. The optimal share holdings
of each agent are still a linear function of the agent’s state variable, even though the
coefficients are much more complex. Market clearing conditions solve the unknown

coefficients in the price functional.

6.2 Beliefs of Order Higher than Two

It is straight forward to generalize the model to incorporate beliefs of order higher than two.
For example, we can introduce three partially informed agents, A, B, C and still keep the
hierarchical information structure !2. Specifically, let agents C receive some signals
Sc1,Sc2,Sc3, agent B receives all the S,k = 1,2,3 and Sp, and agents A receive all

the Sci, k = 1,2,3, Sz and S,. Here we ignore the time subscripts if there is no confusion.

The information structure is hierarchical. The information set of A includes that of B,
which includes that of C. The equilibrium price is a function of fundamental state variables
{F,0} and derived states of the beliefs of the agents. Specifically, it generally includes first-
order beliefs, {F4, 04} of A, and the first-order beliefs, {FZ, @2} and second-order beliefs
{FAB,@4B} of agents B. This is identical to the situation discussed in the main text, in which

the second-order beliefs of B are the B's beliefs of the A's beliefs of {F, 0}.

12 Just like two partially informed agents with hierarchical information structure support an equilibrium with
second-order beliefs (corollary 1), here with three partially informed agents the economy supports an
equilibrium with third-order beliefs.
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It also includes the first-order beliefs the first-order beliefs F¢, ¢ and second-order
beliefs FAC, ©4C, FBC, ®BC and third order beliefs FABC, @4BC 1In this case, there are four
second-order beliefs of C about the first-order beliefs of both A and B. There are two third-

order beliefs of C about the second-order beliefs of B.

Thus in general the price function is a linear function of 16 state variables: Two
fundamentals F, ©, two first-order beliefs of A, four beliefs (two first-order, two second-order)
of B, eight beliefs (two first-order, four second-order and two third-order) of C. However, not
all the fourteen beliefs are linear independent. We will show, like in the main text, the set of

the non-redundant state variables includes two fundamentals, and all the beliefs on F only.

Start with agents A. Observing the prices P , agents A knows about [T4 = ppF — p, 6.
Since agents A knows about all the other beliefs but not the true underlying states. Taking

expectation of IT4 with respect to agent A's information set. It follows that
prF —pe0 = [1* = EA(I1*) = ppF? — py6*.
Thus 04 = © + E—F (FA — F). Namely 64 is redundant.
(¢]

Furthermore, agents B and C know about this relationship, thus by taking expectation
with respect to the respective information set of agents B and C:

5,43 — @B +5_Z ﬁAB _ pB)

§ac = §¢ 4 PF (Fac _ o),
Po

So O4B and @AC are redundant as well.

Even more, agents C also know about the above second-order beliefs @48 of agents

B. By taking expectation with respect to agents C's information set, it follows the third-order
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beliefs of agents C, @5¢  follows: O4B¢ = @BC 4 E—F (FABC — @BC). Thus 645C is
2]
redundant. Combining the results so far, the pricing function P reduces to a linear function of

F, 0, all the beliefs of F,and OB, 08¢, HC.

Now let us check agents B. By observing the price function, agents B knows about the
following: I1° = ppF — peO + ppa F4. Since agents B know about all the beliefs of agents C.

Again by taking the expectation of I1? with respect to B's information set, it follows that:

0% = 0 + 2L (F8 — F) + PEL (F48 — p4),
Po Po

Thus OF is redundant. The agents C know about this relationship. By taking expectation with

respect to C's information set, it follows:

GBC — HC +p_F(1?Bc —FO) + pﬂ(FABC — Fac),
Pe Pe

Thus 65¢ is redundant.

Finally for agents C, observing the price P is equivalent to observing the following:
I1¢ = ppF — peB + pﬁAﬁ'A + pﬁBﬁ'B + pﬁABﬁAB.

Taking expectation with respect to agents C's information set, it follows that Q¢ is also

redundant.

Summarize all the results together, the equilibrium price is a linear function of

{F .0, F'A,I’;\'B'I’;"C,ﬁAB,ﬁAC,ﬁBC,FABC}.

There are two implications from the above discussions. First, the higher order beliefs

are generic. As discussed in the main text, in the case of only two partially informed types

agents say A and B, the second order belief F4B is a linear combination of F, 0, F4, FB, 5.
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Even though we use F as a state variable, one can equivalently use ©F instead. Thus one
may argue that the equilibrium price in the main text is still a function of the first-order
beliefs. The above discussion indicates that the higher order beliefs are generic. If one uses
second-order beliefs of ©® to substitute the third-order beliefs of , this cannot be further
reduced. Instead, keeping only beliefs on one fundamental state ( F in this paper) makes the

results much cleaner.

Second, for agents C and B to have higher order beliefs, they have to receive linear
independent information sources other than the two public signals, P and D . For agents B,
an additional signal S is needed because agents B have to learn about three underlying state

variables, F, 0, F4. For agents C, three additional signals, S¢x, k = 1,2,3, are needed

because agents C have to learn about five underlying state variables, F, ©, F4, FB, FAB,

6.2 The Information Content of Public Signals

We have shown that to support higher order beliefs, less informed agents should receive
additional signals besides P and D. So far we have assumed that the signals are just a linear
function of fundamental F plus noise. However, this does not have to be the case. The
purpose of the signals is to be used by the agents to update their beliefs, as long as they are
linear independent. Thus the signals received by the agents can be a linear function of
underlying states plus noises. This means that the signals received by the agents can be
signals about the beliefs of other (more informed) agents. It does not change the main results
of the paper on the format of the equilibrium price function. However, it will change the

actual coefficients and the updating process of the beliefs of agents.
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7. Conclusion

We study a dynamic noisy rational expectation model with higher order beliefs. The
generalization from two agent cases to three agent cases is not as trivial. Realistically
speaking partially informed assumption seems to be more plausible. The potential gain from
the richness of the model seems to be enormous. The current baseline model benefits
enormously from the simplified assumption on the agents’ maximization problem. To carry it
to the data requires even more realistic setup. Further work is needed to move along this

direction.
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Appendix: Proofs
Proposition 1.
Assume that the price function has the following format:
Py = —=poO; + p1Ft.
It follows that

Qt+1 = P41+ Deyq — RP;
= [(1 + py)ar — Rp;]F¢ + (R —ag)pe®¢ + (1 + p1)€F,t+1 + €p,t+1 — Po€o,t+1-

Thus

E;(Qt+1) = (R — ag)pe®; + [(1 + p1)ar — Rp,|F;
02(Qt+1) =1+ p1)20127 + 02D + p%(’é-

Substituting this into the demand function and aggregate over agents:

0 — (R —ag)po®; + [(1 + p1)ar — Rp1]F;
‘ v[(1 +p)20f + 0f +piog]l

For this to hold under any F; and 0, the resulting coefficients must hold in the proposition.

Q.E.D.

Kalman Filter with Correlated Errors

To derive the updated beliefs for the following results, we need to consider generalization of
Kalman filter to the situation that the error terms in the state and observation equations are
correlated. The straight forward calculation leads to the following:

Proposition (Kalman Filter with Correlated Errors) Assume that the state vector & and
observable vector y; follow:

41 = ME; + viiq
ye = H'& + wy,

where E(vyvi) = Q E(ww{) = A, E(viw{) = B, and all other covariance matrices are zero.
Note here y;, & are the vectors not necessarily with the same lengths. Then the evolution of
the expected value of &, are the following:

1. Start with the current expected value of state, eq = E;(%;) , and the covariance matrix,

Pye = E¢[(§: — 2t|t) G — %t|t)l]-

2. The predicted future states are:

2t+1|t =A M%t|t, .
41 — Et+1|t = M(Et - Et|t) + Vigq
Pt+1|t =E [(Et+1 - %t+1|t)(Et+1 - Et+1|t) ] = MPt|tM’ + Q.
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3. The expectation of y;,, are:

f’t+1|t = H’%t+1|t

Ye+1 — Ve+1e = H'(&q — Et+1|t) + Wipq

E [(Et+1 — &rape) (Vo1 — yt+1|t)’] = PyitH+B

E[(Yes1 — Tea1j) Ver1 — Fe+1j0)'] = H'PeyqeH + R+ H'B + B'H.

4. After observing yi,q, the updated expectation of the states &, is then:
e e ’ ’ ’ -1 PN
Ser1jt+1 = Serrpe + (Pt+1|tH +B)(H PyqtH+R+HB+B H) (yesr — Yt+1|t)
i ’ / -1 1 i
Perajers = Peraje = (PevajeH + B)(H'PeyeH + R+ H'B +B'H)  (H'Pryye + B).
Proposition 2.

First let's study the updating process of beliefs after observing D;. From the above Kalman
filter process, one can use the following mapping: & = F;,y; = (D;, Sy.)'. It follows that
M=ap, H=(1,1), Q=0f, A=diago3,0%) and B = 0. The stationary Q =
Piy1jt41 = Pye 1s a constant. The updating process of beliefs, Fﬂt, again follows from the
Kalman filter. The relevant updating variables are (taking into account the stationary
property):

Priqe = aiQ + of
E[(§cs1 — Et+1|t) Yes1 — }A’t+1|t)l] = (51123Q + 012:)(1: 1)

2 2 2 2 2
E [(Yt+1 - yt+1|t)(yt+1 - }7t+1|t)’] = (aFilzj_QG_i :%O-D a%;F—lf—l(;% TO%)’
where (1, 1) in the second equation indicates the (1, 1) component in the two by two matrix.
Thus the stationary variance () satisfies:
(Tp + Ty)azQ? + [(Tp + Ty)of + 1 — a2l —o? =0,
where I, = Uiz, Iy = iz are the precision of D, and Sy, respectively.

D oy

The updating of the belief about the F; follows:

. ~ 1 ~ ~
Ft+1|t+1 = aFFt|t + m [FD(Dt+1 - aFFt|t) + FU(SU,t+1 - aFFt|t)]J

_ 1
where Fp = m.

Assuming the equilibrium price to be of the following form:
Py = —po0; + plﬁﬂt-
Given this expression, it follows that the excess share demand,
Qt+1 = P41+ Dey1 — RP
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~ ap|(I'p + Iy (1 + + I ~
=po(R—ag)0¢ + [ap — (R— aF)p1]Ft|t + LT T i)ﬁ +II)11) i (Ft - Ft|t)
D U F
(Ip +Ty) (@ +py) +T5 A+p)Ip+Ty + Tk
o + Ty + Iy €rt+1 — Po€ot+1 T Mo+ Ty + 5 €Dp,t+1

pilu

el
Tp+ Iy + I Ut

With this result, it follows that:

E;(Q¢41) = Po(R —ap)®; + [ap — (R — aF)Pl]th
2 (Qesr) = a?((Tp + T (L +py) + ) 0

(Ip + Ty +TR)? [
+((Mp + Ty (X +py) + FF)ZG% + (Ip + Iy + Ir)?p3og
7

where in the last step we use Tga5 = 1.

Substitute this into the demand function, aggregate and let the coefficients to match. The
resulting price function will follow.

Q.E.D.

Proposition 3.

Since the informed agents I know about the true states of the economy, the evolution process
of their beliefs are given by the state evolution process. The uninformed agents U only know
about the prices, dividends and signal S;. From these they want to infer the process of
underlying state {F,©}. As discussed in the main text, knowing P;, uninformed agents knows
about II; = p F; — pe®;. It follows that there exists the following equivalence: p;F; —

p@@t S plﬁt - p@@t' OI‘ equlvalently: plap't S p@&@'t, and @t = @t + 5—;51:',5.

To use Kalman ﬁlter, let ft = (Ft, @t), ,» Yt = (DtJ SU,t' Ht), , Uy = (EF,I'J Gejt)’ , W =
(eépt €y, 0)" . It follows that B = 0 and:

1 0 2 g2 0 0
0 0 D
nly Dore(d Seeld Bae3 3 2)
© P1 —Pe % 0 0 0
Define K = (MQM' + Q)H(H'(MQM' + Q)H + A)~1, where Q satisfies:
O = (MQM' + Q) — KH'(MQM' + Q).

The updating of beliefs about state variables are:

44



$t+1|t+1 = Mét|t + K(yesr — H,Méﬂt)
= Mft|t + KH'M(SCt - €t|t) + KWe1 + H'vpgq).

This implies that (using &1 = M& + veyq):

8t11 =M —KH'M)6; + Kwiyy — (1 — KH))vpyy,

where §; = (8p,, 5@,t), = $t|t — St

Using the result that §g, = 5—1 Or ¢, it follows that there exist the following relationship:
(€]
Ort+1 = As0p¢ + bs€ria,

where €; = (GD,,:. Ert €0t eu,t)-

As such, the share excess return is then:

Qt+1 = Pty1+ Dty — RP;
= [ag — (R— ap)(p1 + P2)]Ft — p2(R — a5)8p¢ + pe(R — ag)0O¢ + bg€rys,

where bg€ryq = (P1 + D2 + 1)€p i1 + D2bs€rs1 — Po€or+1 T Epria-

For informed investors I:

EtI(Qt+1) = [ar — (R — ap)(p1 + p2)1F — p2(R — a6)5F,t + pe(R — ag) 0.

For uninformed investors U:

ELy(Qt+1) = [ar — (R —ap)(p; + Pz)]ﬁt + pe(R — a@))@t-

Using the fact that 0, = 0, — ;’—18” and the demand function of both agents, one can see
[C]

that the demands of the two types of agents are:

0" = f{F, + f6r¢ + f30;
0V = f'F, + £ 6 + f1 0.

Aggregate over the agents: w8’ + (1 — w)8Y = 0 and let the coefficients of F, 6, 0, to
match, one can solve for p;, p,, pe. Thus the results.

Q.ED.
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Theorem 1 and Corollary 1.

We follow the steps of proof spelled out in the main text. First we obtain the beliefs of the
agents about the dynamics of the underlying state variables, specifically the beliefs about the
mean payoffs of the stock dividends. Next by using these beliefs, agents obtain the expected
shares excess returns and the variances. These give us the demands of the agents. Finally by
using the market clearing condition, we solve for the coefficients in the price function.

The informed agents I know every information in the economy. So their beliefs are just the
underlying state processes of (F,®). About the two partially informed agents U and M, we
first consider the more informed agents M, because their beliefs will become a state variable
for the less informed agents U. The state variables are ¢ = (F,0)’; The observables are
yM = (D, Sy, Sy, M), where TIM = ppF — pg® . Using the notation from the Kalman filter
before, define v™ = (€, €g)’; and W™ = (ep, €y, €y,0)’. It follows that B = 0 and

m_(ar O M_111PF>M_O—I~20
M _<0 a@)'H _(0 0 0 —pe Q7= 0 o&)’

o5 0 0 O
m—|0 oy 0 0
0 0 a; O
0 0 0 O

Define

KM = MMaM MMy + Q")HM((HM) (MMM (MM) + QM)HM + AM)7H,
where QM satisfies QM = (MMQM(MM)' + QM) — KM(HM)' (MMM (MM)' + QM).
The updating of beliefs about state variables are:

é%-1|t+1 = MMsgé‘ft + KM()’%-l - (HM)’MMééYt)
= MMEN, + KM(HM) MM (&Y — &[) + KM(wiiy + (H™)'vi ).

From the above expression one can derive two expressions about the evolution of FM, the
agent M's expectation about the underlying state F. First, one can represent it as the
evolution of forecasting errors. Using M, = MMEM + vM -

8t = (MM — KM(HM)Y' MMM + KMwil, — (1 — KMH") vy,
where
s = (5lle,It'5(lé)V{t) = éﬁlt - &

Using the result that 88 = (pr)/(pe)dN, , it follows that there exists the following
relationship:

M _ _MsM M
Optr1 = Qs Ot + bs €r41,

where €, = (€p¢ €06 €pe Eme €ue) » and  bY = (b5, b5y, bss, biy, bss) is a constant
vector. This expression will be used in the market clearing condition.
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Second, one can represent EFM, as a linear function of (F,, FM) by using the evolution
equations of F; in the above equations:

AM M MAM | oM
Fiiq = (aF —as )Ft + ag Fi" + b €41,

where  b¥ = b} +(1,0,0,0,0) is a constant vector. This will be used in the following
uninformed agent analysis since then F™ becomes a state variable itself.

For uninformed agents, the state variables are (F, 0, F™)’. Namely U agents need to form
beliefs about both the underlying fundamentals and M agent's beliefs. The observables are
yU = (D, Sy, 1Y), where MY = ppF — pg® + py FM. 1t follows that vV = (eg, €9, b¥ €)',
wU = (ep, €y, 0)". Define the following:

ar 0 0 1 0 0
M= 0 ag O] (HU)'=<1 0 0),
ap—ay 0 a¥ Pr —Pe DPwm
of 0 bri0f g2 0 0
QU=|( 0 a4 birog |, A'=|0 o2 0]
bMao? bMos bMZ(BM) 0 0 0

where I is the diagonal matrix with (0%,0¢,03, 0%,02) as the elements. Note that the
difference between the Kalman filtering of the two agents is that for U agents, the two error
terms v, and w; are correlated. More specifically,

0 0 0
B=E(ww') = < 0 0 0).
bMoZ bMoz 0
Define
KU =[MYQYMY)' + QVYHY + B][(HY)' (MY QY (MY)" + QV)HY + AV + (HY)'B + B'HY] ™,
where QU satisfies:

v = (MUQU(MY) + QU) — KV[(HY) (MUQY(MY) +QU) + B'].

The updating of beliefs about state variables are:

étU+1|t+1 = MUétﬁlt + KU(}’tU+1 - (HU)’Mugtlft)
= MY, + KUHYY MY (&Y = &) + KV (wiky + (HY) vihy).

This implies that (using &2, = MY&Y +vZ ,):
Otrr = (MY — KU (HYYMU)S + KOwiy — (1= KV (HY))vihs,

where 8§ = (6, 86 ¢ AY) = Setlft = ¢t
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Recall that TV = ppF — pe® + py FM = ppFV — pg®V + py, F. Namely,

_ br 52, 4+ PMpu

58, =—
*t " po Pe
Using this relationship, it follows that:

U _ UxU UAU | 31U

OFty1 = a5y + c5Af + bs€ryq,
U _ UgU UAU | U

AfFty1 = ap0pe + CAAf + Dp€ryq,

where €, = (EF,tJ €0,t) €Dty EM it 6U,t)-

Having solved the belief updating process, we now solve the optimal portfolio choice of I, U
and M agents given the assumed price format. The share excess demand is:

Qt+1 = Pry1+ Deyqr — RP;
=(pu + Puz)(aaM — R)5£?t + [pUl(ag - R) + Puzag]&g’,t

+[pu1cs + pu2(ck — R)|AY — pe(ae — R)O,
+(Pr +Pm +Pu1 +Puz + Dépi1 + €pry1 — Po€o,+1
+[(PM + py2)b§' + pysb + pUZbg]€t+1

=(pu + Puz)(aaM — R)5£?t + [pUl(ag - R) + Puzag]&g’,t
+ [purcd + pua(cd — R)]AY — pe(ag — R)O, + boerys.
where
by = ((Pfo + 1): —Pe, 1,0, 0) + [(PM + py2)bs + py1bg + Puzbg]-
Thus the expectation of U, M agents are:

EM(Qs1) = —polae — R)OY + [py1(a§ — R) + py2al | (8¢, — 6
+ [puics + pu2(cf — R)]AY
= —pe(ae — R)O; — [ pr(ap — R) + py1(ay — R) + pyay |6
+ [PU1(ag - R) + PUzaX]‘Slg,t + [PUlC(ls] + py2(cg — R)]Alt]

EY(Qi+1) = —po(ae — R)OY + (py + Puz)(ag/l - R)gg,t
= —pe(ag —R)O; + (py + Puz)(ag/l - R)5119V,It

—[PF(a@ —R) + (pu + Puz)(agl - R)](sg,t + [(PM + PUz)(agl - R) —pulag — R)]A%’

Here in the second equations of both expectations we use the substitution of Y, 6Y, SH ¢ to
make the expression as format of pricing function. We will use this in the market clearing
condition to solve for the coefficients in the price function.
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Thus the forecasting errors of agents M and U on Q.4 are (using the fact that S,f!, ¢ —Of =
AY =88 ):

ng(Qt+1) —Qpy1 = [_(pM + Puz)(a? - R)_(PU1(ag - R) + puzalA])]5£/,[t —polag — R)dé)\/{t - bQ6t+1
E/(Qe41) — Qr4q = [_(pM +py2)(ag —R) — [PU1(a(Is] - R) + puzalA]]] 8¢ —pelag — R)6G,
+ [(PM + pu2)(@s — R) — [pyscs + pua(cg — R)]] A} — b€y

Define the following vectors:
aAQ4 = (_(pM + puz)(agl - R)_(pUl(a(lY] - R) + pyzalA])' _p@)(a@ - R))

ag = (_(pM + puz)(aSM ~-R) — [pUl(ag - R) + pUzaX]'
—pe(ag — R), (pM + puz)(agl - R) — [pU1C(IS] + pya(cf — R)])-

Then the conditional variances are:
UarM,t(QHl) = agQM(ag)' + bQZbQI

vary,(Qe1) = agQV(ag)’ + boZhy'.

It follows that the demand of the two types of agents are:
0" = gudt' + gi16F + gAY + g6 0
0Y = gudr' + gu16¢ + gu28" + g6o,
0" = gu ot + gth8F + glpA” + 9§ @.

Market clearing condition states w;0' + wy8Y + w8 = © . The matching of the
coefficients will solve the pricing function.

Q.E.D.
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Figure 2. Expected Excess Share Returns: Informed Agents I

This figure shows the expected excess share return from the informed agents I’s point of view

E}(Q¢41)- It presents the coefficients of the four state variables. The coefficient of F; is

always zero.
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Figure 3 Individual Demand: Partially Informed Agents M

This figure shows the individual stock demand of the partially informed agents M. It presents
the coefficients of the four state variables known to I. The coefficient of F; is always zero.
Note that M’s state variables in the expected excess returns are different. They are their own
beliefs of the fundamentals (F, ©®) and uninformed agents U’s first and second order beliefs.
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Uninformed Agents U

Figure 4. Individual Demand

This figure shows the individual stock demand of the uninformed agents U. It presents the

coefficients of the four state variables known to I. The coefficient of F; is always zero. Note

that U’s state variables in the expected excess returns are different. They are their own beliefs

of the fundamentals (F, ©) and their beliefs about M’s expectation error.
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Figure 5b. Group Demand (Trading): 87 Coefficient
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Figure 5c. Group Demand (Trading): A Coefficient
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